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PREFACE, 



The present little volume, reprinted from the 
pages of Van Nostrand's Magazine, has re- 
sulted from an effort to bring before the me- 
chanical public improved facilities for obtaining 
correct gearing. 

Correct gear teeth are essential for the econ- 
omic transmission of power, as well as ex- 
tremely desirable for avoiding needless rattling. 
Many of the cast gears introduced into mills 
and factories may properly be termed rattling 
machines, and simply because the designer had 
too vague a conception of the theory of gearing, 
or because he sought to avoid the trouble of 
laying them out. 

If this manual, and the odontograph, shall 
contribute toward relieving these inconveni- 
ence.^, the object sought, when the instrument 
was devised, and an effort made to present it 
in convenient form for use, will be realized. 



S. W. R. 



Illinois' Industrial University, 
July, 1876. 



I 




-y ^ 



I>^RT I. 



THEOEY OF GEAR TEETH. 

And Adaptation of Particular Forms 
FOE Certain Purposes. 

Though the curves which may be em- 
ployed for the outlines of mathemati- 
cally correct gear teeth are infinite in 
number, varying greatly in external ap- 
pearance, yet all of them must conform 
with one general principle, viz.: tooth 
curves must transmit^ from one shaft to 
the other ^ the same motion as would the 
pitch lines when acting hy simple rolling 
contact. 

This truth is, in reality, axiomatic ; 
and for the present purpose needs no 
discussion or comment. It forms the 
basis of the present investigation, the 
object of which is to show how the 
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curves may differ, and the adaptation of 
cortaia ones for special purposes. 

In this article the terminology indi- 
cated below is adopted. 

The pitch lines of a pair of wheels are 
liiu^s which pass near the mid-height of 
all the teeth, and separate the faces 
from the flanks. These lines must al- 
way.^ exist, whether the wheels are de- 
signed with regard to them or not, and 
oil which the tooth spaces of one wheel 
equal those of the other. 

Tlie face of a tooth is that part of the 
outline of one side of a tooth which ex- 
teudi< from the point or top of tooth to 
th^ l*itc)\ line. 

Tlie /ZcmA; of a tooth is that part of the 
outliue of one side of a tooth which ex- 
tends from the pitch line to the bottom 
of the space between two adjacent teeth. 
The length of this, reckoned in the di- 
rection of a radius, is usually made a 
little greater than the length of the 
face, similarly measured, to allow foi 
charance. 

The pitch is the distance, reckoned 



on the pitch line, from a point on one 
tooth to the corresponding point on the 
next. 

The velocity-ratio is the ratio of the 
angular velocities of the wheels, and may 
be constant or variable. If constant, it 
is equal to the number of revolutions per 
minute of one wheel, divided by the 
same for the other. 

In the study of gearing two kinds of 
contact are considered, viz. : rolling con- 
tact and sliding contact. The former 
takes place between the pitch lines, and 
the latter between the curves forming 
the outlines of the teeth. When the 
pitch lines are not circular, the problem 
of determining them so as to give true 
rolling contact, with fixed axes, is quite 
extensive. The present paper is confined 
to the outlines of teeth, the pitch lines 
being supposed given. 

In the figure, let A and B represent 
the centers of a pair of gears, and M N 
and O P the curves of a pair of teeth in 
action. The point of contact C is chosen 
at one side of the line of centers, so as 
to represent the general case. 



Now, suppose the wheel A tb swing 
through the small angle C-4E. The 




point C will describe the elementary arc 
C E, At the same time the wheel 15, to 
maintain contact with A, must move 
through the elementary angle C B F, and 
C through the arc C F. 

To determine CF, it is sufficient to 
note that as the movements of the wheels 
are elementary, the common tangent to 
the curves at C will scarcely change its 
inclination appreciably. Therefore, the 
end of the radius B C will be found at 
F, in a line, E F, parallel to the common 
tangent. 
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Draw a common normal CD to the 
curves. It will be perpendicular to E F. 
Then the velocity-ratio may be obtained 
as follows : 

At a unit's distance from A and B 
draw H I and J K respectively. These 
arcs will serve to measure the angular 
velocities of the wheels, and hence : 

Velocity-ratio = Y-f>« 

The triangle C E F is similar to C D G, 
and hence : 





AH 


: AC: 


:HI 


: CE 




BJ 


: BC: 


:JK; 


; CP 




CE 


: CF: 
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DG 




DG 


: BC: 


: AD: 
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CG 


: AC: 


:BD: 


AB 


Whence, observing 


: that AH=BJ = 


unity, 

TT T 

Velocity-ratio = yv= 


EC 
'AC" 


BC CG 
C F~D G" 






BC ABBD BD V* 






AC-ADAB-AD^w, 



* This geometrical solution is essentially the 
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if V and V represent the angular veloci- 
ties of A and B. 

Hence, when rotary motion is trans- 
mitted from one shaft to another by slid- 
ing contact as in gear teeth, the angular 
velocities are to each other inversely as 
the segments, or parts of the line of 
centers, formed by its being cut by the 
common normal to the curves. 

It is to be observed that at the end of 

same as that given in Belanger's most excellent 
work on Cinematique, page 90, where also the 
velocity of sliding is found to be proportional 
to C D. 

Those familiar with Trigonometry may pre- 
fer the following trigonometrical solution. We 
have 

CE=AC.Y, CF=BC.«, 
CEF=angle y, CFE=.t?, ADC=2; 
and hence : 

CE sin. y=CFsin. x, 
A C sin. y= A D sin, 2, 
BC sin. a?=BD sin. z, 
or V. A D sin z=v. B D sin. 2, 

and HJ^ 

©-AD' 

as before. 
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the movements C E and C F, the points 
which were in mutual contact at C are 
now removed a distance E F ; and as 
this displacement was accompanied with 
slipping, the amount of the latter is E F. 
In the similar triangles CEF and CDG, 
we have the same relation between E F 
and C D, as we have between C E and 
O G, or C F and G D. Hence, E F can 
only be zero when CD vanishes; or when 
the point of contact is on the line of 
centers. For this, the contact has 
changed from sliding to rolling ; and, 
therefore, for rolling contact, the angular 
velocities are inversely as the radii of 
contact. In circular wheels the velocity- 
ratio must remain constant, because these 
segments are constant ; whereas, in non- 
circular wheels it is variable. In the 
former, the point of contact remains 
fixed, while, for the latter, its position 
varies along the line A B. 

The contact of a pair of teeth must 
continue for a time, at least, longenongh 
for the next pair of teeth to come 
fairly to contact; or, long enough for 
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tliL' pair of teeth to move through a 
fe|»ac'e as great as the length of the pitch. 
This contact cannot therefore be confined 
to the line of centers, and hence sliding 
of the curves upon each other is uaa- 
vuidable*. 

From the preceding discussions it fol- 
lows that in all gear wheels, circular or 
nun circular, the common normal to the 
sliding curves, and the pitch lines, must 
hoth maintain a common point of inter- 
section with the line of centers ; and 
this condition is the only one necessary 
for fulfilling the general principle stated 
at the outset. The common normal, be- 
cause it is the line of action of the press, 
lire between the teeth, friction neglect- 
odj and, for its importance otherwise, is 
called the line of actioii, 

Suppose, for example, any curve 
M liatever, as ^a c Fig. 2, be taken as the 

• Itooke's spiral gearing admits of contact which may 
ha ccmftned to the plane of the axes, and hence free from 
j^lip. But this is due, not to the form of tooth, bat 
width of wheel face; or, length of wheel in direction of 
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form of the side of a tooth of a gear 
wheel revolving about B. Then let the 
curve daf be found for the side of a 
tooth of A, which, acting by sliding con- 
tact on haCy will give to A the same an- 
gular motion as that transmitted by the 
rolling curves D E and F G, the latter 
being supposed circular or not. Let D 
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and F be two points of the rolling curves 
which come to mutual contact on the 
line of centers, and similarly for E and 
G. Then arc C D = arc C F, and arc 
CE = arcCG, &c. 

Now for the present point of contact 
C of the pitch lines there must be a 
point of contact of the tooth curves, and 
because the common normal to those 
curves must meet A B in C, we simply 
draw C a, normal to bac. This is the 
present point of contact of the tooth 
curves, and hence a point of the curve 
sought. To find another point, draw 
F5 normal to bac. Then draw T> d 
equal in length to F ^, and making the 
same angle with AD, that F ^ does with 
BF prolonged. Then, d is a second' 
point of the required curve ; because 
when D and F are in contact on the line 
A B, D ^ and F b will coincide in length 
and direction, with d and b superposed, 
forming the point of contact of the > 
tooth-curves. In like manner/, and in- 
deed any number of points may be 
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found. The curve daf^ traced through 
these points, is the desired curve.* 

In the above example, A and B are 
supposed to be the centers of rotation, 
in which case D E, and F G, must be a 
pair of correct rolling curves. But the 
solution is still more general. Any two 
curves whatever, without fixed axes 
even, may be used for the rolling curves, 
and the sliding curves determined. 
When radii do not exist, tangents to the 
rolling curves may be used to reckon 
the angles by. Such a case, however, 
would but rarely occur in practice. 

This solution indicates that one tooth 
curve may be assumed, and the other 

• formed as a dependence. It fails, how- 

• ever, as being both theoretically and 
mechanically impossible, and so with 
any theory, when the normals C c/, F ^, 
&c., \vill not strike the pitch line. 

Though one tooth-curve may be as- 
sumed and the other determined, the 

* This solutiou given in Belanger's Cinematique, p. 97, 
appears to be due to De la Hire ; and given by him as 
early as 1694. See Willis' Princ. Mechanism, 2d ed., p. 89. 
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thoory admits of other solutions ; the 
most common being by aid of describing 
curve:^, called also generating or tracing 
curves. In this case the describing 
curve is assumed and both tooth- curves 
made dependent. To show that this so- 
lutiou depends upon one and the same 
gcnerril theory, let us find a describing 
curve which will generate the tooth- 
curve h a Cy or d af. 

In Fig, 3 draw g I equal to h l^ Fig. 2. 
Theu take I C, Fig. 3, equal I C, Fig. 2. 
Also fj Cj Fig. 3, equal a C, Fig. 2. And 
agaiu CF and ^ F, Fig. 3, equal CF 
and h Fj f^ig. 2, respectively, &c., for as 
many points as desired. Then trace the 
curve </ / C F, Fig. 3. This is the de- 
scribing curve sought. Now suppose 
this curve be placed in contact with F G, 
Fig. % so that ^, Fig. 3, falls at ^, Fig. 
Fig. 3. 
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2. Then by rolling the describing 
curve along toward F, the points ^, C, F, 
Fig. 3 will exactly fall at I, C, F, Fig. 2, 
because the arcs ^ ^, ^ C, C F, are equal 
in the two figures. Also the construction 
makes g I, gC, gF, &c., intersect the arc 
. of the describing curve at the same an- 
gles that the normals A Z, a C, & F, &c,, in- 
tersect the pitch line, which is easily 
seen to be true by supposing the points 
g, C, F, &c., very numerous. Hence the 
radii vectors of Fig. 3 will successively 
come to exact coincidence with the nor- 
mals of Fig. 2, and at the same time 
g will trace out the very curve ghab.* 
And similarly, by rolling the same curve 
from i to D, Fig. 2, the curve ikad 
will be traced. In like manner a de- 
scribing curve can be produced which 
will generate, by rolling from g or i to- 
ward G or E, the remaining portions gc 
and if oi the tooth-curves. 

Thus it appears that a generating 
curve can always be found that will 
trace out a given tooth-curve. But 

* De la Hire, in 1733. 
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whenever the latter are neither of them 
fixedj we are at liberty to assume a de- 
ecribiiig curve, and this may be of any 
form wliatever which may admit of roll- 
ing on the pitch lines. The two solutions 
sre therefore one and the same, the dif- 
ference being simply in the part assumed. 
And within this are comprehended all 
known forms of gearing, such as invo- 
lute, epieyi^loidal, epitrochoidal, pin- 
^earingj Prof. Edward Bang's hour 
|!flass eurve gearing, ifec, &c. 

Tlie solution of the problem is there- 
fore reduced to simply this ; any de- 
ecribing curve rolled upon the outside of 
one jiitch line, and upon the inside of the 
other pitch line, beginning at mutual 
contact points ; will describe a pair of 
faces and Hunks which will work correct- 

ly- 

Tltis may be demonstrated by a direct 
grax>hical method as follows. 

Take pitch lines AD and BE, circu- 
lar or non-circular, and a describing 
eurve C A H ; or, which is the same, 
K 13 T. Also take D and E as the pair 




of mutual contact points, where the pair 
of tooth-curves sought begin. Let C A II 
roll in outside contact from D to A, de- 
scribing D C by a tracing point O ; and 
similarly rolling the same curve from E 
to B, describes the curve E K. This 
rolling may be continued to any extent, 
giving the full line curves D C, and E K 
produced. 

If the same curve be rolled on tan- 
gents at A and B, two equal curves will 
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be deBcribed which are shown in dotted 
lines. Let arc D A = arc E B = arc 
CA= arc KB=AF = BG. Then 
chord A C = chord B K, and angle 
C A F = angle K B G. Hence if A and 
B l>e placed in tangential contact, the 
tangents and dotted curves will coincide 
prt^eisely ; and the full line curves, or 
tooth-curves, will have a point of tan- 
gt'iicy at CK. Also the curves will not 
pass, one to the opposite side of the 
otlieFj because the full line curve for A 
Vw^ wholly below, and for B wholly 
above the mutually coinciding dotted 
curves. This being true for one point 
taken at random must be true for all, 
giviug the precise conditions required 
for tooth-curves. 

We might suppose for illustration that 
the three curves roll upon each other 
with one point A, Fig. 5, in common tan - 
geiicy. The tracing point C, would then 
trace, simultaneously, the two curves 
shown, one upon the plane of each wheel, 
which will serve to work correctly as 
a face and flank. 
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Fig. 5. 




We are now prepared to draw the fol- 
lowing conclusions : 

1st. The faces and flanks all have their 
origins at the pitch line. 

2d. Each face and flank couplet must 
be generated by rolling the tracing curve 
in the same direction, on the outside of 
one, and inside of the other pitch line. 

3d. The contact of a couplet is con- 
fined to one side of the line of centers. * 

4th. Couplets which do not inter- 
change flanks and faces may be generat- 
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€d by tlifferent describing curves ; even 
tlioiigli on the same pair of wheels. 

Ditferent describing curves give differ- 
ent forms of gear teeth, some of the 
most important of which will now be 
eou^i'lered.* 

Til practice the 'pitch lines are usually / 
€irc;ilfir; though on shaping and slotting 
niadijiies, and others requiring a "quicl^r 
I'^turiij" non- circular wheels have beeil 
employed with advantage. In Fig. 6 ii 
giYtn auch a pair of non-circular wheelsw/^ 
drawn carefully to a scale, with eaclfY >^ 
tooth'Curve worked out for its particular 
position by the general theory. f Thd 
describing curve used was a circle, thd 
tlianiL'ter of which was about one-third 
that uf the pitch line of A. These wheelij 
were des^igned with special reference td 
I 

* It iiiiiy be observed by comparing Figs. 2, 3 and 5 thai 
the fipiJiTflting enrve must lie on the opposite side of tha 
pitch Una from where the inte sections of the normals 
nre idimd. From this it follows that if these intersecif 
tioQB cTTJiiia the pitch line as the rolling proceeds, so mustj 
tlie ilciicribing curve. The latter will then change its di-i 
rectioii with a cusp. 

t Drawa by a former pupil, Mr. Emory Patch. 
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adaptation for shaping and slotting ma- 
chines, in which the tool is reciprocated 
by a crank and pitman. The forward 
stroke is uniform, except for one- four- 
teenth at each end, given for slowing 
down for passing the center. The re- 
turn is accomplished in one-half the time 
the entire forward stroke requires. The 
teeth are* made large, proportionately^ 
for the purpose of illustrating the fact 
that such wheels require teeth which dif- 
fer from each other in form. 

Circular wheels form only a special 
case of the general theory ; but as these 
• are of almost exclusive use in practice* 
with the teeth varied for different pur- 
poses, the following important classes. 
will be considered separately, viz. : 

I. Wheels with epicycloidal teeth ; 
II. Wheels with involute teeth ; 
III. Wheels with random teeth. 

Epitrochoidal curves have been sug- 
gested for tooth-curves, but as they do 
not admit of tooth-contacts near the line 
of centers, where most desirable, they 
are not useful for general purposes. 
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I. EPICYCLOIDAL GEARING. 

This name is applied because the tooth- 
curves are epicycloids and hypocycloids. 
An epicycloid is traced by a point upon 
the plane of a circle, when that point is 
guided by being attached to the circum- 
ference of a second circle which rolls 
upon the first. If external it is an epi- 
cycloid, if internal an hypocycloid. 

A curious fact relating to these curves 
deserves notice, viz. : that every epicy- 
cloid and hypocycloid admits of being 
generated by two different rolling circles. 
To illustrate, suppose A ft c to be a primi- 
tive or pitch circle, and B a rolling or 
describing circle, tracing with p the epi- 
cycloid D, by rolling on A. Draw the 
line pbc through the point of tang^ncy 
b. Then hp will be a normal to the epi- 
cycloid at jt?, because an elementary part 
of the latter is described while b serves 
5LS an instantaneous axis for the wheel B 
to turn about. Now, this elementary 
portion of D will be the same if c be the 
center instead of b. This being true for 
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each elementary part of D, it follows 
that a circle C, tangent at c, and having 
a tracing point jt?, will trace the satnu 
epicycloid that B will. It can be easily 
Fig. 7. 




shown that the difference of the diamt- 
turs of C and B is equal to the diameter 
of A.* 

* Due to Duhamel, see Boar Cours de Cinematique^ p. 
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Fig. 3 indicates how this double gen- 
eration applies to the hypoeycloid, in 
which A is the pitch circle and B the 

Fig. 8. 




hy|*ot!ycloid. The sum of the two di- 
nmetiia^a of the generating circles evi- 
dently equal the diameter of the pitch 
circle. 

That the teeth be mechanically possi- 
ble, it is necessary that the generating 
circles be as small, or smaller than the 
pitch circles within which they roll; oth- 
er wii^ie the teeth would be much undercut. 

Thi.s range in the relation of sizes gives 
variety of form of teeth, the following 
of which are the most essential : 
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1st.- Flanks radial. 
2d. Flanks parallel, for strength. 
3d. For minimum of friction. 
4th. For change-gears and sets. 
5 th. Pin gearing. 

1st. epicycloidal teeth with radial 

FLANKS. 

Suppose a generating circle to roll in- 
side a pitch circle, with the diameter of 
the former equal to the radius of the 
latter. By reference to Fig. 8 we see 
that the two generating circles would be 
equal, and the hypocycloid a straight 
line, a diameter of the pitch circle. 
This principle is the foundation of the 
well-known White's parallel motion. 

Hence when the diameters of the gen- 
erating circles equal the radii of the 
pitch circles in which they roll, the 
flanks will be radial, and very convenient 
to construct. In practice, therefore, we 
have simply to delineate the epicycloids, 
with circles half as large as the opposite 
pitch circles, and strike in the tangent 
radii for flanks. This form of gearing 
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is the most convenient for practical exe- 
cution of any good form known, and for 
this reason is the form usually adopted, 
when correct delineation is attempted. 
Indeed many designers have no idea of 
the existence of any other correct form, 
except, possibly, the involute. 

Fig. 9 represents the simultaneous gen- 
eration of the faces and flanks for both 
wheels, the four circles being supposed 

Fig. 9. 
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to roll upon each other with only one 
point in common, each tracing point de- 
scribing two lines. 

In wheels of few teeth, the latter ap- 
pear somewhat undercut, and weakened, 
when the flanks are drawn wholly radial. 

But it is easily demonstrated that a 
face works upon only a small portion of 
the flank, which also is adjacent to the 
pitch line. Below this the teeth may be 
thickened by clearance curves, almost 
entirely removing this objection. An ad- 
vantage is gained by these teeth which 
probably more than compensates for the 
above objection. This consists in the 
great freedom from crowding of the 
wheels from each other, due to the near 
approach of the line of action to the per- 
pendicular to the line of centers ; and 
this is evidently necessary for most 
favorably transmitting the rotative 
forces from one wheel to the other. For 
mstance if the line of action be made 
parallel to the line of centers no rotative 
effect is secured. 
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2d. flanks paeallel. 

By employing smaller generating cir- 
cles than in the above the flanks may be 
rendered more nearly parallel as shown 
in Fig. 10 ; and the bases of the teeth 

Fig. 10. 




thickened as required for strength. 
Clearing curves may still be introduced 
for further strengthening of the teeth. 
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No rule of proportions is prescribed : in 
each case the diameters of the rolling 
circles must be determined by the judg- 
ment of the designer. 

The flanks are only approximately 
parallel, because, in reality, they are the 
slightly curved hypocycloids. But for 
that small part against which the faces 
act, a straight line may be substituted 
without sensible error. 

The rolling circles being smaller than 
for the case of radial flanks, the epicy- 
cloids will be smaller for the same pitch 
lines, and hence the points of the teeth 
narrower. This results in a greater 
general inclination of »the side of a tooth 
to a radius, causing greater inclination of 
the line of action from the perpendicular 
to the line of centers, inducing increased 
lateral crowding, and consequent fric- 
tion. In a long train of gearing it 
is therefore doubtful whether this form 
of tooth is any safer than the preceding, 
because with greater strength there is 
greater resistance. 
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3d. for minimum of friction. 

From the preceding examples, it ap- 
pears that the friction is reduced by ap- 
proaching the line of action to the per- 
pendicular to the line of centers. The 
line of action in epicycloidal teeth being 
the chord to the generating circle which 
connects the describing point with the 
point of rolling, it appears that the most 
favorable condition is secured by making 
the generating circles large as possible. 

Again the generating circles, when 
situated as in Figs. 9, 10 and 11, form 
the path of the points of contact in their 
journey from the point of beginning, to 
the point of quitting contact, one circle 
for one side and the other for the oppo- 
site side of the line of centers ; so that 
large circles, in both senses, appear most 
favorable. 

Fig. 11 presents these conditions, and 
indicates that the teeth are very much 
undercut; indeed, in extreme cases, en- 
tirely cut off by reason of the convex 
flanks, due to the excessively large rolling 
circles. 




It is evident that such teeth cannot be 
used where great strength is required, as 
in mill-work ; but where the resistance 
is slight, and smoothness of motion and 
freedom of action are requisites, as in 
horology, this form may be used with 
great advantage. Fig. 12 is a careful 




drawing of such a pair of wheels, with 
tuL'Lli much undercut. 



4th, change gears, and sets. 

TIki most common use of change gears 
occurs ivith the machinist's engine lathe 
for ftcrew-cutting. In this, and most 
otliur cases requiring such wheels, the 
teiuU are small ; and when only approxi- 
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mate, occasion no especial inconvenience. 
But sets sometimes occur in mill-gearing 
where correct fonns of teeth are neces- 
sary. 

For such cases it is only needful that 
one generating circle be employed for 
the whole set.* This circle should not 
be more than half as large as the small- 
est wheel of the set. The teeth of the 
latter will then have radial flanks, while 
those of all the others have concave 
flanks and thick bases. 

5tii. pin gearing. 

By increasing the generating circle, 
Fig. 11, the hypocycloid decreases until, 
when the former coincides with the pitch 
circle, the latter becomes a point, the 
tracing point itself. Then the theoreti- 
cal teeth are points for one wheel, and 
for the other epicycloids generated by 
the opposite pitch circle as shown in 
Fig. 13. In practice the points are en- 

• ThUi solntlon was flret given by Prof .Willis, see Princ. 
of Mech., 2d ed., pp. 87, 118, and 136, the latter as in con- 
nection with the Willis Odoutograpb. 




largecl to pins of cylindrical form, and 
the teeth reduced to lines parallel to the 
epicycloids and distant from them a 
space equal to the radius of the pin. 
Such wheels are sometimes called pin 
gearing. 

These wheels should work smoothly, be- 
cause the line of action is suitably situ- 
ated for a minimum of friction, but they 
are not free from objection for having 
the tooth contacts all on one side of the 
line of centers. These one-sided contacts 
serve best when the pin wheel is driven, 
and in this way this gearing is much 
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used in modern clock-work. The pinion, 
called walloioer^ trundle or lantern mheel, 
is usually made for clocks by inserting 
wires between two collars ; while the 
wheels are cut from plates, many of 
which are stacked and cut at once.* In 
this way should the wheel be quite thin, 
and wabble, the trundle may have suffi- 
cient length of pins to accommodate. 
Such gearing is cheaper than thick cut 
gearings, and may explain its introduc- 
tion into the inexpensive, though very 
good, American clocks. 

But it is probable that the very best 
conditions for clock and watch gearing 
would be secured by a sort of cross be- 
tween Figs. 11 and 13, represented in 
Fig. 14. The generating circle should 
be so large that the hypocycloid, for 
both pitch lines, spans a breadth just 
sufficient for the tooth thickness, and the 
whole hypocycloid taken as that part of 
a tooth, or pin, which lies within the 
pitch line. The balance of the tooth 

• In the full sense of the term pin geanng the wlieel 
teeth are also pins set into the edge of a disk. 
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sliuuld then extend outward, to a point, 

similarly as in Fig. 11. Thus contacts 

Fig. 14. 





xviil be secured on both sides of the line 
ol' ct^nters, as required, with the nearest 
iijjproach of the line of action to the per- 
petitlieular to the line of centers consist- 
out llRTewith. 

Tlieso wheels could be constructed by 
iiisertiHg suitably formed pins by one 
cud into disks, and projecting toward 
ciidi other from the two wheels ; or, by 
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supporting the teeth upon slender necks, 
as shown, which is possible, because only 
small parts of the hypocycloids are 
brought into contact with the faces. 

It is plain that if the line of action 
could be straight, and perpendicular to 
the line of centers, the wheels could be 
approached or withdrawn without caus- 
ing great changes of conditions of action 
of the teeth. The form, Fig. 14, with 
teeth supported upon clearance curve- 
necks, would, therefore, be one of the 
best for this purpose, and nearly the 
same as found on the rollers of clothes- 
wringing machines, <fcc., as arrived at, 
probably, by the demands of practice. 

n. INVOLUTE TEETH. 

The involute curve is a special case of 
the epicycloid in which the generating 
circle is infinite. 

Let A and B represent two pitch cir- 
cles in contact at C, Draw any inclined 
right line through C and two circles 
tangent to it with centers A and B. 
These are taken as the base circles for 
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involutes. The ratio of the radii of 
these circles will be equal to that of the 
pitcli circles. Suppose the inclined line, 
C D, be produced, and wound upon the 
base circle A ; and also separated near 
C, with a tracing point attached. As 
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the string is unwound, the tracing point 
will describe an, involute which may be 
taken f6r the side of a tooth of A ms 
shown. A similar unwinding from E 
will describe the involute tooth -curve for 
it. It is plain that the contacts will all 
lie on the inclined line C D, because h 
will cut normally all the involutes de- 
scribed on the bases A and B. This is 
at once the line of action, and locus of 
the points of contact. 

In the present case the line of action 
is inclined more or less, at pleasure, but 
must always pass C. This change of 
inclination may follow from varying the 
diameters of either the pitch or base 
circles. The former corresponds m 
changing the distance between the SLxe$ 
of the wheels, which these gears are well 
known to admit of, and work correctly. 
But when the distance is considerable', 
the teeth become monstrous thick at 
base, and objectionable ; and unsuited 
for such purposes as clothes-wringei>i. 
The contact for these teeth is only pos- 
sible between the points of tangency 



I 
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of the line of action with the base- 
circles. Hence, by enlarging the base- 
circlea, these limits are constricted, and, 
finally, vanishing when the line of action 
becomes perpendicular to the line of cen- 
ters, giving no contact. The best condi- 
tion is a matter of judgment, and the de- 
signer must choose between objectiona- 
bly few contacts, and objectionable 
inclination of line of action and thick 
teeth. 

The contact being confined to the line 
of action, limited as above, it is plain 
that no bearing can occur upon a tooth 
below or inside the base circle, and usu- 
ally clearance curves are arbitrarily struck 
in to give the necessary depth for receiv- 
ing the points of the teeth of the other 
wheel. 

One fact is worthy of note, serving to 
put these wheels in comparison with the 
epicycloidal. If a circle be struck with 
AC as diameter, it will always pass the 
point of tangency D. That point, in in- 
volute gearing, is the limit of contact of 
teeth ; but not in epicycloidal gearing 
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with radial flanks,* though that will be 
one position. Intermediate between D 
and C the contact for involutes is on the 
line C D ; and for epicycloids, on the arc 
CD. The line of action in the latter 
case will vary from a perpendicular to 
A B, to the inclination C D, while the 
point of contact moves from C to D. 
Hence, the average inclination of the line 
of action between C and D is much more 
favorable in epicycloidal gearing thnn 
involute, from which it appears that tlii 
former is the preferable form of gearine:* 
Fig. 15 may appear to furnish an eA- 
ample which is inconsistent with our 
general theory, because the generation is 
effected by rolling the describing curve 
or line on the base circle instead of the 
pitch line. But this is reconciled thus ; 
In Fig. 16 take a pitch circle AC, bnsu 
circle B D, describing line J) F, with de- 
scribing point F, and a log. spiral FA. 
Now as the describing line unwinds, 
tracing the curve C F, the line will out, 
the pitch circle at various points A in a 
constant angle, which follows from tlh^ 
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concentricity of the pitch and base cir- 
clus. As the radius-vector makes a con- 
st nnt ringle with the arc of a log. spiral 
If that angle at A, be. the same as DF 
witli the circle at A, then the radius vec- 
ti>r*FAwill coincide with the lineDF 
continually, and the tracing point will 
tk'seribe one and the same curve whether 
LSimod by the spiral FA or line FD. 
Thii^ curve begins at C. To supply the 
1 cin fit i ting part C B roll the same spiral 

Fig. 16. 
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inside as shown. This description will 
stop at B for the reason that the log. 
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spiral then bears on the inside of the cir- 
cle where its curvature equals that of the 
circle. Hence this is explained by the 
general theory, and the wheel has true 
flanks^ and faces, separated by the pitch 
line, as usual. 

III. RANDOM TBETH. 

These might be styled random teeth 
because a tooth-curve for one wheel is 
drawn at random, or at least arbitrary, 
and the form of tooth for the other 
wheel found from it. The solution on 
the drawing board is the same as Fig. 2, 
and hence, it is in keeping with the 
general theory of the teeth of wheels. It 
would need no further consideration ex- 
cept for the exceedingly advantageous 
practical process for obtaining the second 
curve, first made known by Prof. Willis 
in 1837. 

Let A and B represent the pitch lines, 
formed by cutting strips to the right 
curves. A tooth curve C is cut at 
pleasure, and mounted on A so that the 
card board D may play between A and 
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Fig. 17. 
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C. The card board D is secured to B. 
The pitch lines are then placed in contact 
as shown by the dotted lines, and a line 
traced on D, along the edge of C. Then 

Fig. 3 8 




A is rolled on B, without slipping, to a 
new position, and a second line traced 
by the edge of C. Thus proceed for 
various positions. An enveloping curve 
traced on D will be the required tooth- 
curve for B. 
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This process would apply admirably 
for matching a gear already existing, 
and no matter if it be worn provided it 
is regular. 

PRACTICAL OPERATIONS. 

In actually executing wheel- work, 
there are certain operations which con- 
tribute to the accuracy and dispatch. 
The draughtsman can draw his tracing 
curve in several positions, and by step- 
ping with spacing dividers arrive at 
several points in the desired tooth-curves. 
But in thus measuring off distances on 
arcs, errors occur in that the dividers 
measure chords instead of arcs. Also 
each placing of the divider points in- 
volves a small error depending upon eye- 
sight, precision* of draughtsman, &c.. 
Again several operations, following and 
depending upon each other, between the 
theory and the result, entail cumulative 
errors, sometimes so great, that the re- 
sult obtained scarcely resembles the 
truth. The fewer the intervening opera- 
tions, the less will the truth be adulterat- 
ed with error. 
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Templates are valuable because they 
HiHiure a more direct relation between the 
Useory and final tooth-curves. In some 
instimceH a still closer relation has been 
rihtuiiied. To illustrate, the templates 
give the curve, and then the teeth or 
etitters are to be formed from it by an 
eye-and-hand process. But in some 
WMtch-works, epicycloidal machines are 
nu*d in which the cutters are formed di- 
rect from the rolling curves. These eut- 
tt^rs however are master cutters from 
wliicU the working cutters are formed. 
But tliis last operation admits of great 
(>ri*cksion. 

In Fig. 17, the pieces A and B are 
cjilled pitch templates and a piece cut 
to i\ui form of the describing curve as in 
Fig. 3y is called a describing template. 

By H set of such templates the opera- 
tion represented in Fig. 4 may be under- 
titkiMi. Tooth-curves may thus be drawn 
iiij tnetal plates, and subsequently cut 
carefully to the line. Such a pattern 
may be used for turning up a cutter by, 
or for marking out the teeth on a gear 



pattern of wood. In the latter case, it 
may be called a scribe template. And 
it is convenient to mount this upon a rod 
attached to swing around a center pin to 
the gear. Either of these operations in- 
volves two eye-and-hand processes, as, for 
instance, dressing up the scribe template ; 
and then turning the cutter by it. But 
it is not convenient to reduce the num- 
ber further, though, by aid of an odo/do- 
graph, described in Part II of this 
number, the inconvenience of resort- 
ing to pitch and describing tem- 
plates, is avoided from the fact that the 
odontograph serves as a ready-made 
scribe template, as exact as a special 
scribe template laid out and dressed up, 
as above described, would be, and which 
is also adapted to being mounted to 
swing around the center of the gear.* 
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P^RT II. 

ON A 

NEW ODONTOGRAPH 

An Instrument for laying out 

The Teeth of Gear Wheels. 



THE WILLIS ODONTOGRAPH. 

Those who have used, or even studied 
the Odontograph of Professor Willis, of 
Cambridge, England, cannot be other- 
wise than forcibly impressed with the 
admirable simplicity and great utility of 
the instrument. Indeed, it has attained 
to such general favor that it is not only 
in the hands of a large proportion of the 
constructors of mill gearing in Europe 
and America, but in every work of im- 
portance on Cinematics, Principles of 
Mechanism, Machinery and Mill work, 



62 

ifec, published since its discovery in 
1838. In fact, the instrument is worthy 
of a place, in the tool chest of every 
millwright and machinist ; particularly 
those who have no better understanding 
of the mode of delineating gear teeth, 
than to use, for generating the faces of 
teeth with radial flanks, describing cir- 
cles which are the opposite pitch circles 
themselves, instead of circles one-half as 
large. 

Although the teeth of wheels, laid out 
by the aid of the odontograph, are only 
approximately correct, such teeth are 
not very far from correct working forms. 
This fact was practically demonstrated 
to the writer at the justly-celebrated 
machine factory of Wm. Sellers & Co., 
of Philadelphia, where a pair of heavy 
cut gears were seen in action, running 
with extraordinary quietness. On inquiry 
as to the remarkable working quality of 
these gears, it was stated that the cut- 
ters were made expressly for them in 
strict conformity with the Willis odonto- 
graph ; which, in the present instance, 
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it is fair to suppose, was an experiment 
to test the odontograph teeth, as com- 
pared with those laid down correctly by- 
theory. Teeth formed thus carefully, 
even though they be only approximate, 
are much to be preferred to the rattling, 
guess shapes ; and amply repay the 
trouble required to secure them. It is 
therefore much better, in cases where 
the theory of gearing is not understood, 
to resort to an odontograph, than to 
jump blindly at a rattle trap. 

For example : a common form among 
millwrights is obtained by taking the 
middle point of a tooth at the pitch line 
for a center, and describing, by arcs of 
circles, the nearest flanks of the next ad- 
jacent teeth, and the further faces of the 
same two teeth. Describing, thus four 
arcs from the center of each tooth, all 
the faces and flanks are laid out. This 
gives flanks which are concave, with 
radii which are less than those of the 
convex faces, while the opposite relation 
is known to be required in correctly laid 
out teeth. This rule probably gives 
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shapes which are worse than mere guess 
shapes. 

A GOOD ODONTOGRAPH DESIRABLE. 

The delineation of correct working 
genr teeth according to theory for indi- 
vidual cases is a very easy matter when 
the method is understood, but not so 
easy as to use a convenient odontograph ; 
and hence, a good odontograph is advan- 
tageous to all designers of gearing. 



^LBSESTTIAL QUALITIES OF A GOOD ODONTO- 
GRAPH. 

An odontograph, to give the highest 
satisfaction, should be one which leaves 
uutliing to be desired ; neither in the de- 
gree of approximation, nor the general 
foini of tooth it gives. 

Those who have employed the odonto- 
graph of Prof. Willis, cannot fail to 
have noticed that in wheels of many 
trcUi the form is very different from 
that obtained by laying out the teeth of 
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the epicycloidal form with radial flanks,* 
which form is the most common and 
usually the most acceptable. Also the 
odontograph must be simple, and easy 
of application. 

PECULIARITIES OF THE WILLIS ODONTO- 
GRAPH TOOTH. 

A tooth of a wheel of eighty teeth, as 
laid down by aid of the Willis odonto- 
graph, is shown in Fig. 1 ; and also, a 
little to one side in dotted lines, the 
same tooth of epicycloidal form with 
radial flanks, as calculated to work with 
a second wheel of twelve teeth. The 
clearance curves are not put in. The 
odontograph tooth exhibits very marked 
peculiarities, a noticeable one being the 
greater general inclination of the side 
of the odontograph tooth to the radius 
of the wheel ; giving rise to unnecessary 

* When these teeth would appear too weak at the root 
or base, clearance curves are nenally stmck Id, or cnrvee 
between the flanks which the points of the teeth of the 
opposite^ wheel will just clear, up to which the roots of 
tlie teeth may be thickened for the purpose of greater 
strength. 



56 

obliqoily of action, and consequent mu- 
tual crowding of the wheels against 
thuir shafts. 

Kg. 1. 




Prof. Willis limits his odontograph to 
twelve teeth for the least number, and 
for this the teeth have radial flanks as 
shown 111 Fig. 2, which works with a 
whi^el of eighty teeth. This limitation 
causes tlie teeth of small wheels to be 
narrow at the base, and of large wheels 
to be unnecessarily wide. In wheels 
having a not unusually large number of 
teethj the flanks start out from the pitch 
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line towards the center with a divergence 
from each other approaching 30°.* In 

Fig. 2. 





other words, the odontograph teeth ap- 
proach the narrowness of base of epicy- 
cloidal teeth with radial flanks when the 
latter are objectionably narrow, as in 
wheels of few teeth ; and much wider, 
indeed excessively wide, when, for the 
same wheels, epicycloid al teeth are of 
good form. Also a marked peculiarity, 

* See Fairbairn, Mills and MUlwork, Part II, Plate IX, 
Fig. 1. A. Lambert, CInematiqae, PI. 14. M. CH. Viry 
Cours de M6chaniqae, p. 194, Fig. 30. 
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as exhibited in Fig. 2, is the decided 
angular junctions of the flanks a;id 
fact's. 



HKSTRICTION OF THE WILLIS THEORY, AND 
^[ODIPIED FORM OF ODONTOGRAPH. 

These undesirable features are, how- 
ever, in the main, no fault of the gener- 
al theory of Prof. Willis for the forma- 
tion of teeth with circular arcs, but ap- 
pear to be due to restrictions imposed, 
for the purpose of simplifying the tables 
for, and application of, the odontograph 
itself. The restrictions which contribute 
mostly to this are the fixed angle of 75^, 
and the constant length, relatively to the 
pitch J of the perpendicular to the line of 
action. By restricting the theory in a 
different manner, a certain modification 
of the instrument and its application 
may be effected, which gives straight 
and more nearly radial flanks for all 
wheela, and circle arc faces. This will 
be treated further on. 
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NEW FORM OF ODONTOGRAPH. 

For those who will adopt nothing 
which is so incomplete as a circle arc for 
a tooth face, but will lay down the cor- 
rect curves ; and for even the less the- 
oretical who would prefer to accept a 
good practical short-cut to a correct re- 
sult than to go by guess ; I would offer 
the new odontograph, which is now to 
be described : an instrument which in no 
circle arc, mode or form, resembles any 
thing above referred to. 

This new form of odontograph is not 
only adapted to give radial flanks, but 
faces which agree with almost undiscov- 
erable nearness with the epicycloidal face. 
The face curve, as laid down by the in- 
strument, is exactly normal to a tangent 
to the pitch line drawn from the middle 
point of a tooth, and it intersects the ad- 
dendum circle precisely where the true 
epicycloidal curve proper to the tooth in 
question does. 

Now, as the pitch line and its tangent, 
pass either way from the middle of the 
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tooth, they depart from each other 
slightly in distance, and more so in direc- 
tion. A circle aic, approximating to a 
tooth face, will generally have a radius 
considerably greater than the half thick- 
ness of a tooth : but for a circle arc to 
be normal to the above-named tangent 
and to the pitch circle at the side of a 
tooth, both at the same time, its radius 
must be much less than the half thick- 
ness of a tooth, as is evident on inspec- 
tion ; and hence, the circle arc cannot 
osuiilate closely with the epicycloid, and 
at the same time be normal to the pitch 
circle, as Figs. 1 and 2 show. The most 
closely osculating curve must, therefore, 
be one which rapidly changes curvature ; 
and such a curve will be very nearly 
normal to the above mentioned tangent 
to the pitch circle. 

The odontograph should, therefore, 
givt' a curve which changes curvature 
rapidly. Now, as the epicycloidal curve 
is normal to the pitch line, and very 
nearly so to the tangent to the pitch 
cii*cle drawn from the middle of a tooth. 
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it is clear that if a curve of rapid!}' 
changing curvature be so placed as to 
be normal to the tangent, as above de- 
scribed, and at the same time intersect- 
ing the addendum circle at the same 
point that the epicycloidal curve required 
for the tooth considered does, it will 
represent the epicycloidal tooth face 
with great precision. This truth is rend- 
ered apparent to the eye in Fig. 3, in 
which the full line is the odontograph 
curve, and the dotted line the required 
epicycloid. The flank is also drawn 
in to give an idea of the conformity of 
the whole tooth, as delineated by aid of 
the instrument, with the true epicycloidal 
tooth. These teeth belong to a wheel, 
the pair of which are of equal size. The 
object of making the curve perpendicu- 
lar or normal to the tangent, as above 
described, instead of the pitch circle, is 
to render the odontograph more conven- 
ient of application ; and it is found that 
the curve selected, in the manner here- 
after explained, meets the radius for ex- 
tending the side of the tooth into the 
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ita uniform rate of change of curvature, 
and also because this rate can be assum- 
ed at pleasure.* Furthermore, the ana- 
lytical relation of this spiral to the prob- 
lem 18 simple. 

FORM AND APPLICATION OP INSTRUMENT. 

In planning this odontograph, the 
leadhig endeavor was to make its practi- 
cal application the most convenient pos- 
sibles without a sacrifice from accuracy 
oi- form of tooth obtained by it. 

Thiit the reader may learn the leading 
features of the instrument before pro- 
ceeding to the details of its demonstra- 
tion , its form and mode of application 
will first be explained. 

Tlie odontograph is shown full size in 
Fig. 4 J as of suitable capacity for laying 
out all teeth below six inches pitch. Its 
capacity, however, is extended to any 
degree by simply prolonging the curved 
edges. It should be made of metal, be- 

* These points follow from the fact that limited por- 
tions fallLDg within a given angle at the pole are similar 
ignres. 
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ise it is intended that the instrument, 
en desired, may be used directly for a 
ribe template, in which use it will be 
ibject to wear from the passes of the 
prihe. It has several holes countersunk 
a both sides as shown, so that it 
tay be attached by wood screws, or by 
&olt8 expressly prepared, to any conven- 
ient wooden rod, in such a manner that 
%vhen the rod swings around a center-pin 
Ito the wheel, all the faces of the teeth 
may be described directly from the in- 
strument itself. The desired result is 
thus obtained directly without interven- 
ing center points and dividers. 

In this manner the odontograph be- 
comes a general or ready made tem- 
plate, and equally valuable for guiding 
the draughtsman's right-line pen, or 
the pattern maker's steel scribe. 

To place the instrument in position 
for drawing a tooth face, a table is used 
which should accompany the instrument. 
From this table a value is taken which 
depends upon the diameters of the pair 
of wheels, and the number of teeth in 
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the wheel for which the teeth are sought » 
This tabular value, when multiplied by 
the pitch, is to be found on the graduat- 
ed edge ADB, Fig. 4, of the odonto- 
graph. This done, draw the tangent 
D E F to the pitch line at the middle 
point E of a tooth ; and lay off the half 
thickness ED of tooth on either the 
tangent line or pitch line, Then place 
the graduated edge of the odontograph 
at D, and in such position that the num- 
ber, and division of scale found as above^ 
shall come precisely on the tangent line 
at D. Also get the curved edge, HFC, 
so that the curve will just lie tangent to 
the tangent line, as at F. Then all is 
ready for tracing the curve for the tooth 
face from the pitch line through D tow- 
ard B as far as needed. By turning the 
instrument, which is graduated on both 
sides, over, and doing likewise, we get 
the opposite face of the same tooth. 
Then we have to simply draw the radial 
flanks when the tooth becomes fully de- 
lineated, with the exception of limiting 
the point and root. Clearance curves 
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may also be struck in, if desired, as in 
any other case. Of course, when the 
setting of the instrument is once made, 
it may be mounted upon a rod, as, and 
for the purpose described above, for 
drawing all the teeth. 

FOR INVOLUTE TEETH, ETC. 

The curve which this instrument gives 
will closely represent initial portion of 
the hypocycloid, cycloid and involute, aa 
well as the epicycloid, as far as required 
for a tooth face ; and hence the instru- 
ment is adapted for tracing teeth of these 
various forms including the rack and 
pinion, internal gearing and involute 
teeth. For the latter form of teeth the 
tables become very simple. 

CONDITIONS OF TOOTH CURVES. 

Before proceeding to the demonstra- 
tions, it will be necessary to understand 
how the various curves, used for tooth 
outlines, are conditioned. 
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To generate the epicycloidal fdcesfor 
teeth with radial flanks, the generating 
circles, wliicb roll upon the pitch circles, 
should have diameters equal to the radii 
of the opposite pitch lines, as set forth 
in Fart I of this manual. Hence, 
ae the odoiitograph is proposed to give 
nearly the c]>icycloid face for radial 
flaiiksj the above epicycloid is the one it 
should approximate to. 

When one of the pitch circles is in- 
finitely enlarged, we have the case of the 
rack and pinion, the epicycloid of the 
former being the cycloid generated by a 
circle half as large as the pinion; and its 
flanks are parallel to each other. Also 
the generating circle, whose diameter 
equals the radius of the rack, is infinite, 
iiiid hence the generating circle for the 
pinion teeth is a straight line. This 
makes the faces of pinion teeth involutes, 
with the pitch circle the base of the in- 
volutes. 

Therefore, for the rack and pinion with 
radial flanks, the faces of the rack are 
cycloids, and of the pinion involutes. 
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For the case of involute teeth for in- 
volute gearing in general, the base circles 
of the involutes are usually taken a little 
within the pitch circles ; the ratio of the 
l)a8e circles being equal to that of the 
pitch circles. The relation between a 
base circle and the pitch circle contain- 
ing it is arbitrary, being generally as- 
sumed, in each case, according to the 
judgment of the designer, and any rule 
given as regulating this simply expresses 
the judgment of its author. The table 
for involute teeth is therefore adapted to 
suit any assumption in this regard. In 
this case, however, it should be borne in 
mind that the tangent line, used in set- 
ting the odontograph, should be drawn 
to these base circles instead of the pitch 
circles, because the involutes are normal 
to the base circles. But the half pitch 
should still be laid off on the pitch lines. 

The case of internal gearing is pecu- 
liar, in that radial flanks for the larger 
wheel are impossible.* That flank whi'ch 

* See Belanger, Cinematique, p. 121. 



70 

approaches nearest to radial, is therefore 
adopted, and this can be readily shown 
to be the involute, with the pitch circle 
its base. Observing that the larger 
wheel has its flanks outside, and faces in- 
side the pitch circle, we see that the 
flanks must be generated by rolling a 
curve on its exterior. Rolling a circle 
thus, we see that the epicycloid generat- 
ed rises more nearly in a radial direction, 
as the circle is increased in size; because 
the latter curve reaches the greater 
height. Carrying this to the limit, we 
have the infinite generating circle or 
straight line, and hence the involute 
curve. But suppose we adopt a roll- 
ing circle of negative curvature, as in 
Fig. V, Part I. Now for this mode 
of generation, it is easily shown that 
the curve generated will be an epicy- 
cloid exactly similar and equal to that 
obtained by rolling a circle of posi- 
tive curvature, outside the pitch circle 
as before, the diameter of which is 
equal to the difference of diameters of 
the generating circle of negative curva- 



\ 
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ture and the pitch circle.* Hence, in 
either case, we get similar results, and 
the steepest epicycloid is the above 
named limiting one, viz., the involute. 

The flanks of the larger wheel are 
therefore concave involutes. Using the 
same generatrix for the faces of the 
pinion, the latter will have involute 
faces. 

The faces of the larger wheel will be 
hypocycloids, because internal, and gen- 
erated by a circle whose diameter equals 
the radius of the pinion. 

In bevel wheels, the pitch circles should 
be regarded as small circles of a spheref 
which has its center situated at the point 
of intersection of the axes, or shafts of 
the wheels. These pitch circles are not, 
in the case of bevel wheels, the proper 
circles to lay out the teeth upon, but 
should be regarded as the bases of cones 
whose vertices are in the axes, outside 

* Boor, Coors de Cin«matiqae, p. 120 : Note. Dnha- 
mel Blements de Cftlcule Inflnitesimal. 

t WilliB, p. 14« ; Bankine, p. 144 ; Fairbairn, Mill and 
Millwork, part 2, p. 38. A. Lambert, Ginematique, PI. 16. 
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thc^ sphere, and which, developed upon a 
jilavie surface, are the desired circular 
uresoii which as pitch circles to delineate 
the teeth. The describing of teeth on 
these circles, being the same as on the 
pitch circles of spur wheels, the odouto- 
grapli applies to them in the same man- 
ner, their radii number of teeth, ifcc, 
bt.*iiig employed in connection with the 
tfiblesj instead of those of the real pitch 
circles. 

In all these cases the same rule will 
ai>ply for use of odontograph, except in 
iTi vol lite gearing, with which we have an 
oxL^eption as above explained. 

I^UtTICULAR LOGAllITHMIC SPIRAL 
ADOPTED. 

Ill adopting the particular logarithmic 
spiral for the odontograph curve, inas- 
much as this curve may have an infinite 
variety of obliquities, it is evident that 
the selection is not a matter of indiffer- 
ence. When the obliquity, or angle be. 
twccn the normal and radius-vector, is 
very small, the arc of this spiral changes 
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curvature less rapidly than when the ob- 
liquity is great : when the obliquity is 
zero, the spiral becomes a circle ; and 
when it is 90**, the spiral is simply a ra- 
dius ; neither of which approximates to 
the epicycloid. To find that obliquity 
which makes the spiral best fit the epi- 
cycloid, it will probably be most satis- 
factory to assume an epicycloid which 
represents an average of those likely to 
be iised for both curves, and adapt the 
spiral to it; though any ordinary logarith- 
mic spiral will evidently conform more 
closely with it than the circle. The 
spiral which most closely osculates the 
epicycloid for a pair of equal pitch 
circles, is therefore adopted as the aver- 
age spiral, because the opposite wheel 
may be made larger or smaller, thus 
making a higher or lower epicycloid. 
Also, it is preferable that the spiral tit 
for the fewest teeth, because for this the 
longest portion of the epicycloid would 
be required. The fewest number assum- 
ed is ten. 

Let A F, Fig. 5, represent the pitch 
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line, AB the epicycloid above named, 
dotted beyond B, and the full line CAB, 




the osculating logarithmic spiral with its 
pole at C. Draw normals G E and B D* 
These normals will be common to both 
the epicycloid and spiral, if they closely 
osculate each other at A and B. Also 
E D will be the evolute of both. The 
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point B is sapposed to be 0.3 pitch* 
above the pitch line, as the ordinary 
height of tooth above pitch line. Or 
what is nearly the same, A B = 0.3 P. 
Also A G is assumed = 0.25 A B. Draw 
the normals or radii of curvature GE and 
B D. For the particular case under con- 
sideration we find for the epicycloid, DE= 
2 GB. This fact is most conveniently prov- 
ed graphically on account of the compli- 
cation of the analysis. This solution was 
made with great care on a drawing, and 
it was also checked by an approximate 
analytical method. The results very 
nearly agreed, though as that by analysis 
was necessarily approximate, the graphi- 
cal result was adopted. It happens to 
be also a very convenient value. The 
graphical operation was, in fact, partly 
by analysis thus: The normal to the 
epicycloid always coincides with the 
chord of the generating circle connect- 

* In all cases in this investigation, requiring dimen- 
sions to be given to the teeth, the common and well- 
known rule is adopted, viz. : Thickness of tooth, -fx P. 
Thickness of space. A P. Height above pitch line, A 
P. Depth below, tIj P. See Willis, p. 113, Ac. 
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ing the point of contingence of this and 
the pitch circle with the tracing point. 
This determines the direction of GE 
or BD, where BF, for instance, is a 
chord. The true radius of curvature B D, 
for an epicycloid, is i B F* in the present 
case for radial flanks where the pitch 
circles are equal, or generating circle 
half as large as the directing pitch circle. 
This value of B D or G E, in terms of the 
chord, is from the well-known formula for 
the radius of curvature for epicycloids 
in general,! and hence the length is com- 
puted. 

Now the logarithmic spiral sought 
must have 

ED 

—- =2 = tangent of obliquity. 

The evolute of the logarithmic spiral, 
being an equal spiral,! makes C E D a 
spiral like CAB. Also it is well known 
that the radii C B and C D have B C D a 
right angle§ when these radii vectores 

* Davies and Pecks, Math. Die, p. 222. 

t See Bankine, Mach. and Millwork, p. 60, note. Red- 
tenbach6r Resnltatfi, p. 8, role 4. Willis, p. 142. Belanger, 
Cinematiqne, p. 108, Ac. 

t See Courtenay'8 Calculus, p. 181. 

5 See Courtenay's Calculus, p. 178. 
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are drawn to the extremities of a radius 
of curvature BD, and similarly for ECG. 
This, with the second property of con- 
stant obliquity of the logarithmic spiral, 
makes the two triangles BCD and G C E 
similar. From this it follows that the 
triangles C B G and C D E are similar, 
and hence 

CB:BG::CD : D E, 
or 

13 E CD 

;^Yr= TT-7T=tangent of obliquity=2. 

The equation of the logarithmic spiral is 

log. l=ad 
in which «=tangent of obliquity, ora=2; 
and therefore the logarithmic spiral 
sought has the equation 

log. 1=2 6 

or 

i 2(^-0,) 

Values of the radius vector, /, have 
been carefully computed for the purpose 
of laying out the odontograph curve 
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with accuracy. These were computed 
for tho intervening angles of 22^ degrees, 
which divides the circumference into 
sixteen equal parts ; and for some of 
the larger values the radii subdividing 
these angles as follows : 

'^ ^ ^ --'" J = 2.1983 



■'■ ^a—-"-^^ 




H^ 6^ 


/j = 0.5000 


"=6^,-f 22i' 


/, = 1.0966 


-=^,-h 45'' 


l^ = 2.4052 


'^^6^,+ 6Vi*» 


l^ = 5.2T53 


''=0^-h 90** 


l^ =11.5700 


"=e, + ioii' 


/.H = 17.1350 


'^=e, + 112i^ 


/^ =25.3700 


"=9,4-123$" 


44=37.5820 


*^ =6^, 4- 135° 


L =65.6660 



Willi these values, the odontograph, 
lis sho^vii in Fig. 4, was laid out, not only 
ihv curve AD B, but CFH; these being 
similar and equal as above explained. 
Fram the fact that tangent obliquity = 2, 
we niiiy, when a radius / is laid ofF for a 
point on A D B, draw a line at right 
angles, and lay off on it 2/, which will 
give a ]Joint on CFH. 



WW9» 
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EQUATION OP THE ODONTOGKAPH CURVE. 

In the analytical demonstration of the 
applicability of this curve, an equation 
will be needed for it, which can be com- 
bined with those for the curves which 
are proposed for the outlines of teeth. 
For reasons which will appear hereafter, 
an equation is required which gives the 
relation between the abscissas a e and 
the ordinates e ft, Fig. 6. Let a c be the 
radius of curvature of the spiral at a. 
Let fall upon this a perpendicular b e. 
Also prolong a c to d. Some point d 
can always be found with which, as a 
center, a circle may be struck through a 
and b. Now let us propose that c d z=. 
qXeb AB 8L relation sufficiently exact for 
any possible height of tooth, e ft, above 
pitch line. 

Then we will have from the property 
of the circle, 

ae {2 a d—a e) =^', 

or calling ae=y and eft=sc, ac=r, 
we have 



w 



whence 



2 f ti X ) 




If, iu this equation J q provtw to be 
Goiistaut, we hare the equation desired. 
To this end the following results have 
heen very carefully determined graphi- 
cally, tills method being the only one 
admissible for complexity of formulas : 
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For T=2.0 inch a;=l.l inch $'=.59^ 
r=2.0inch «= 2.0 inch $'=.588 
r=4.4inch «=1.0inch $'— .6fll 
r=4.4 inch a;=2.5 inch q=.5^7 
r=4.4 inch a;=4.5 inch ^=.562 
r=9.0 inch a;=0.5 inch q=.595 
r=9.0 inch a;=9.0 inch $=.5fl9 
r=9.5 inch.aj=2.2 inch $'=.555 
r=9.5 inch a;=5.5 inch $=.600 



Mean . . $=.579 

These figures show that q is very 
nearly constant ; in fact, the differences 
can only be accounted for as errors of 
the graphical operation ; errors wliich 
might be expected for the reason that 
the point d, Fig. 6, may vary its position 
considerably, and yet cause but slight 
variations atb. We may therefore adopt 
this, not only as constant, but as the cor- 
rect value of q for the particular spiral 
chosen, and this value was employed in 
the formulas when computing the tables 
for the odontograph. Equation (1) iw 
entirely empincal, and will not apply to 
the spiral for a very great range ; though 
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to an extent greater than ever needed 
for the present purpose^ it is practically 
exact.' It is necessary to resort to the 
empirical method, because the equation 
of this spiral cannot be expressed in rec* 
tangalar co-ordinates. 

DEMONSTRATION FOR EPICYCLOID AL SPUR 
GEARING. 

To show that the odontography as 
above proposed, is applicable to the case 
of ordinary epicydoidal gearing-teeth 
with radial flanks, it will be necessary to 
prove that the valae of r to be found on 
the scale by which the instrument is set, 
can be computed when certain functional 
parts of the gears in question are known ; 
and also, to show that it can be expressed 
in so few terms, that values of it may be 
computed beforehand, and arranged in 
tabular form, it will be necessary to 
resort to mathematical expressions for 
r, by which it can be discussed, and by 
which we may determine the number of 
quantities required to express it. For 
instance, if it can be expressed in terms 
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of two different quantities only, ane 
table will suffice for all values of r. But 
if it requires three quantities for its ex- 
pression, a series of tables will be neces- 
sary. 

By aid of the equations of the epicy- 
cloid the above co-ordinates x and y may 
be expressed in quantities belonging to 
the wheels. 

Let R=the radius of the pitch circle 
of the wheel for which the teeth 
are sought, whether it be the 
larger or smaller. 
Let N=the number of its teeth. 
Let r=the radius of the wheel which 
is to work with the wheel sought, 
and equal to the diameter of the 
rolling circle for generating the 
faces sought. 
Let w=the number of its teeth. 

Let P=the pitch of the teeth = — -^ 
_ Jlnr ^ 

'~ n 

Let T=the radius of curvature of the 
curve of odontograph, as above, 



S4 

the numerical value of which is 
also the number to be used for 
setting the instrument, also the 
tabular numbers. 

Let X and y= co-ordinates as in equa- 
tion (1) of odontograph curve 
above, x=0.3 P. 

Ix*t ^=an angle, which may be con- 
sidered as an auxiliary quantity, 
simply ; or as the angle, which lo- 
cates the center of the rolling 
circle. 



Then the well-known * polar equation 
of the epicycloid is — 

) 



(rad.vector)*= (R -ha-)'=R* -h /• I R -h ^ 



{ 



2R^ ) 

-COS. — a ' 

r 



f 



whence 



COS. ^=1- 

r 



.MP 



• See Price's Calculus, vol. i, p. 849. 



86 

or 

( 0.3P 

2 N ' ^ 



^(■-> 



COS. ^=1 ,-- ;: (2) 



n 



n S ^ n \ 



This value of B is in terms of the two 
quantities = and ;j^ only, as desired. 

The polar equation is her^ employed 
instead of that referred to rectangular 
co-ordinates, because the former is resol- 
vable with respect to 0, and the latter 
not. The latter, however, would have 
been preferable to the extent of about 
the difference between the height of ^, 
Fig. 6, above the tangent and above the 
pitch line, because b 6?, which is about 
midway between a, and the middle of 
the tooth, is almost exactly equal to x as 
given by the rectangular equation. But 
this difference is very small in wheels of 
the fewest teeth, say 8 or 10, and inap- 
preciable in larger wheels. 

An expression for y is most readily 
obtained by employing the well-known * 

* See Price's Calcalos, vol. i, p. 283. 
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equation of y in terms of 6 for rectan- 
gular co-ordinates to the epicycloid. 

In Fig. 7, let A B represent the face 
of the tooth for the wheel whose center 



Fi^.?. 




is O. Take C D the height of the tooth 
above^the pitch line reckoned on the ceii- 



87 

ter line of tooth, and = B F = 0,3 T, 
nearly = x. Let C G represent the tan* 
gent to the pitch line at the center point 
C of tooth, as above described. 

Now, since the co-ordinates x and y in 
equation (1) of the odontograph curve 
represent the height of B above the tan- 
gent C G, and the distance from the face 
along the tangent C G to the perpendicu- 
lar let fall from B upon C G reepectivelv, 
or equal to B F and A a respectively, 
very nearly, we have to find, by help of 
the equation of the epicycloidj between 
y and 0, the value of Ku. But this 
equation gives E B, or A h. Drawing 
B h parallel to A E, and B a parallel to 
D C, we have 

a.6:FB:: AC : CO 
or 

ah\ X :: /,P : R 

since the thickness of tooth ^-i P. 
Hence 



, 6 aP 5 0.3 P' P' 



M 
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and hence, by aid of the equation of the 
epicycloid, 

Aa=y=EB-ai=(R+0 sin. - *^ 



sin 
or 



This equation, together with (2), enables 

us to compute :p when :^ and :j^only,are 

known, 6 being eliminated between (2) 
and (3). 

Observing that 35=0.3 P, equation (1) 
may be written 

P \ y ^ 0.3 P ^/ ^ ^ 

So that ^ becomes fully known when 

^ Y n 

the two quantities ^ and =^ belonging to 

the pair of wheels under consideration 

p 
become known. Or, observing that ^5 

2 TT 

= -=^, the most convenient forms of the 
equations for computation are 



L 
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] 



n 



^=0.07958 N^M ^^ + l^snu^-siri. 

These formulas enable ns to compute 

r N 

c^ when -and N are known. Table I con- 

tains most of the values ^ needed in prac- 
tice, and obtained from these formulas. 
The tabular value of p, when mnltiplied 

by P gives r the index number for setting 
the odontograph. Examples will bt» 
given hereafter, illustrating the use of 
the instrument and table in delineating 
gear teeth. 



I 



So 

DBMONSTttATIOSf FOB THE RACK AND 
PIKION. 

For this case formula (6) becomes in- 
determinate, and hence fails. It will, 
therefore, be necessary to deduce others. 

The cycloid for the tooth faces on the 
rack, flanks radial, will have the follow- 
ing values of x and y * : 



X=^il—C08. 6\ 



and hence 

COB. f?— 1— ... (8) 

n ^ ' 

By expanding cos. 6 into a series and 
dropping all after 6^*, by which we in- 
volve an error of only h part for the 
case of S teeth, and much less for a 
greater number ; and similarly expand- 
ing ain, B into a series, omitting the 



' Price'^ Calcolus, vol. i, p. 280. 
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terms following d* with an oppo- 
site error of 5^ for 8 teeth, giving a 
residual error of aboat j^ jf e may write, 



p-loV — 7— 



(10) 



This, combined with (7), was used for 
computing the tabular values for racks 
given at the bottom of table T. 

For the involute faces of the pinion 
we readily obtain special formulas. 

Let A H, Fig. 8, be regarded as the 




pitch line, AB as a tooth face of the invo- 
lute form, and B F height of tooth above 
the pitch line and equal to 0.3 P = «. 
We will have a h same as before. 
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IIS ill Fig. ft, 

E n- (R + B F) arc B O E nearly 
^(R + 0.3P)(6^-BOH) 
H B= A F H=R ^=R tang. BOH 

y=E H-.^5=(R + 0.3 P) (^-tang."^ 6^) 
or 

'•'''"' . (11) 



N 
anil 

B n-="Tl^'=(R + 0.8 P)'-R' 

or 

"•=('-T)'- ■ w 

which equutions, combined with (7), 
were used in bringing out the tabular 
quuntitiee marked "Pinion" near the 
* ■*tOTn of table I. 



r 
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It is obsei-ved that we have one line of 
values only for each, the rack and pinion, 
the reason for this is that the value of 

^ for the rack and pinion become known 

in terms of one arbitrary quantity instead 
of two. 



DEMONSTBATION FOB WHEELS WITH IN- 
VOLUTE TEETH. 

Having a set of values of = for invo- 
lute faces, we are at once prepared to lay 
out any involute gear-teeth with the 
odontograph, from the fact that in this 
fomi of teeth each wheel is independent 
of all others. In this case, however, we 
must observe that the tangent line E D, 
Fig. 4, should be drawn to the base cir- 
cle instead of from the pitch circle, as 
stated above under conditions for invo- 
lute teeth. The half thickness of tooth 
should still be laid off on the pitch line, 
because this is the proper line to reckon 
tooth thicknesses on. The tabular val- 
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ues of Table II are therefore the same 
as those for Pinion, Table I. 

DEMONSTRATION FOR WHEELS IN INTKR- 
NAL GEAR. 

First consider the larger wheel, in 
which the faces are internal and hence 
hypocycloids. Equations (2) and (3) 
apply to this case by changing the signs 
of r and a, and hence 



COS. — 6=z\- 
r 



1 



-(-I)' 



or 



2N^ 

COS. ^=1- 

n 



R\ 2R/ 



N\ 2N/ 



(13) 



and 

y 

P 



P-2P N ( W ~ / *'°- ^-«»n- • 
/2N ,\f, ) o.67r 
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which, combined with (7), Vere used in 
producing the first part of table III. The 
flanks of the pinion are supposed to be 
radial, and those of the wheel invo- 
lutes as set forth under conditions for 
these wheels. The external involute 
flanks of the wheel are laid out by aid of 
the values given in table I for " jt?eV<ion," 
the tangent line E D, Fig. 4, being drawn 
to the pitch line from the middle of a 
spacCf to suit the present reversed condi- 
tions from outside to inside. 

The faces of the pinion, being also 
involiUes, the same set of tabular values 
last-named apply, which for conveni- 
ence's sake are arranged in the latter 
part of Table III. 



CASE OF BEVEL WHEELS. 

Observing the explanations, page 
76, regarding bevel wheels, either 
epicycloidal or involute teeth may be 
laid out for these wheels. 
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EXAMPLES. 



To show the application of the ta- 
bles, the following examples are given : 
Let the pair of wheels be the same for 
each example, the teeth simply being 
different ; let the number of teeth in the 
smaller wheel be 16 and in the larger 56. 
Also take the same pitch for all, and 
equal to two inches. 

Ist. For epicycloidal teeth with radial 
flanks. For this we must use table I, 
which requires the ratio of the radii of 
the wheels ; or, what is the same thing, 
the ratio of the number of teeth in thu 
wheels. 
For the larger wheel the required ratio \^ 

~z=3iandNz=66. 
r 

Running down the column headed - 

we find 3| comes midway between 8 and 
4 ; and opposite them, under "56," (cor- 
responding to N, the numbers .473 and 
.409. Taking the mean for the interpn- 
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lated value, we have .441 as the multi- 
plier for the pitch. Hence 

.441X2 inches pitch=.882 inches, 

which is the index number, or the num- 
ber to look out on the scale A D B, Fig. 
4, which point must be brought to coin- 
cide with the tangent D E. Then, plac- 
ing the curve C F tangent to the tangent 
line as shown in the figure, the tooth 
face curve may be drawn. 

For the smaller wheel we have 

^ = .286 + ,and n=16. 

Running down the column headed 
" ^ » 
,^ we find no ratio = .286, but .250 

and .333. Interpolating by the well- 
known method of proportional parts, we 
find, in column headed " 16," for the 
multiplier the number .433. Hence 

.433X2=. 866 inches. 

which is the setting or index number re- 
quired for the small wheel. 
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2d. For the rack^ suppose the large 
wheel is made infinite and the pitch 
line straight. Then the pinion will have 
16 teeth, and the multiplier is .5113. 
Hence 

.513X2 = 1.023 inches, 

which is the index number for setting the 
odontograph to the straight line of the 
rack. 

For the pi7iion, we find the multiplier 
to be .443. Hence 

.443X2=. 886 inchcF, 

which is the required number for the 
pinion. 

3d. For the case of involute teetk^ the 
multiplier for the larger wheel is .S47 
table n, and for the smaller it is ,443, by 
aid of which the odontograph is set a 
tangent to the base circle as above ex- 
plained. 

4th. For the case of internal gearing 
we have, for obtaining the external in- 
volute flanks, 

R 

= 3A, and N=56. 
r 
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Not finding 56 in the line of numbers 
of teeth, table III, we interpolate be- 
tween 40 and 60 for the ratio 3. This 
gives for N = 66 the maltiplier .649. 
Similarly for ratio 4, we find multiplier 
.490. Taking the mean of these for the 
ratio 3^, and we get .669 as the desired 
multiplier. Hence 

.669X2 inches pitch=1.138 inches. 

for the index number. 

For the faces of the wheel we find, 
from the lower line of table III, .841 as 
the required multiplier, and 1.682 as the 
index number. 

To set the odontograph. Observing 
the foot-note of table III, the tangent 
line E D, Fig. 4, to which the instru- 
ment is set, is drawn from the mid- 
dle of the space, as though the space in 
this case, outside the pitch line, were a 
tooth. 

For the faces of the pinion teeth the 
multiplier is .443, as in lower line of table 
III, ifec, <fcc. 
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<'ASE OF CHANGE WHEELS, AND " SETS " 
OF EPICYCLOIDAL GEARING. 

The demonstrations for, and the ap- 
plications of, the new odontograph have, 
thus far, proceeded upon the supposition 
that the flanks of the teeth laid out are 
radial. Though this form is the most 
convenient to delineate, and possesses 
greatest freedom in action as shown in 
Part I, yet some may prefer to construct 
wheels so that all, having a given pitch, 
may be used in any interchangeable 
manner; or, it may be desired in a pair 
of gears that the teeth have thick bases, 
such as obtained by using small gener- 
ating circles, describing curved hypocy- 
cloidal flanks. 

The preceding demonstrations and ta- 
bles cover this case. The equations may 

N R 

have — replaced by --, in which r has 

been regarded as the radius of the wheel 
gearing with the one sought, and equal 
to the diameter of the generating circle. 
But we readily see that it is only neces- 
sary to consider r as the diameter of the 
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generating circle in all cases, due regard 
being given only to using the biarne value 
of r in laying out the other wheel, out- 
side of one and inside the other^ and con- 
versely ; or, for a given " set," the same 
throughout, as pointed out in Tart L 

The new odontograph is therefore of 
universal application in epicyt:loidal 
gearing, giving any such ilare, and 
thickness of tooth base, as may be de- 
manded by the most fastidious draughts- 
man. 

For describing the faces of the teeth 
now considered Table I is sufficientj the 
diameter of the generating circle always 
forming the denominator of the fraction 

— . For the flanks, the first pa it of Table 
r 

III would apply, though with le&e ap- 
proximative results than those obtained 
by aid of the latter part of Talkie 1^ , 
prepared expressly for this. 

The odontograph is found to osculate 
best with the hypocycloid when it iB lo- 
cated by aid of a tangent line E D, Fig. 
4, drawn from A, instead of E ; or, from 
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ilie iides instead of middle of tooth; and 
hence, to lay out flanks other than radial, 
draw tangents to the pitch line at each 
side of the tooth, and on thera, locate 
tlie instrument by aid of second part of 
Tabic IV, as on .any other tangent, ob- 
gerving that the back edge of the odon- 
tograph should now be turned toward 
tlie center of the wheel, instead of from 
it, as in drawing faces. 

This portion of this table was com- 
puted by aid of equations (13), (14) and 
(t), after suppressing the last term of 
(U); which term, it is seen, is a 6, Fig. 
7, now made zero by reducing A 0, Fig. 
7, to zero, as above explained. 

From the fact that the curve C D B, 
aiul C F H, Fig. 4, are one and the 
!4aaie, except as to length, the instrument 
may, if preferred, be located by a radius 
instead of a tangent line. Suppose, for 
instance, D F, be a radius, drawn at 
one side of a tooth, with the pitch line 
hitersecting it at F. By laying off F 
I>, outward from the circle, and equal, 
\\\ inches, to the proper index number, 
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then F H, when the instrument is pro- 
perly located is the required flank. 

For this mode of locating the instru- 
ment the index number obtained frartj 
the table should be divided by two, be- 
cause always 2 C D=C F. 

EXAMPLE. 

Take number of teeth 16 and 56, and 
pitch 2 inches, as in. previous examples, 
and a four-inch generating circle. The 
pitch circle radii are 5.1 and 17.8 inches, 
and hence, for wheel, " radius of wheel 
sought divided by diameter of describing 
circle" = 4.45. For this, and for N =^ 
56, Table IV, referring to Table I, gives 
.39, which, multiplied by pitch, gives 
.78, the index numbsr for wheel faces. 

Interpolating in Table IV the num- 
bers 4.45 and 56 give .52, and multiplied 
by pitch 1.04, for the index number for 
the wheel flanks. Similarly, for the pin- 
ion, we get the index numbers .628 and 
2.90. 
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MODIFIED FOKM OF THE WILLIS ODONTO- 
GRAPH. 

The odontograph now under consider- 
ation is termed a modified form of the 
Willis odontograph, not because it bears 
any resemblance to the Willis odonto- 
graph, but because it is baaed upon the 
theory of Prof, Willis for the forming 
of teeth of wheels by circle arcs, and 
also because it gives centers to tooth arcs 
as does the Willis odontograph, instead 
of forming in itself a template for the 
curves. 

By constructing the instrument so 
that it can be set to various angles, in- 
stead of being fixed at 75° ; and by pre- 
paring suitable tables to accompany it, 
we may be able with it to lay out teeth 
with straight flanks for all wheels, the 
faces of the teeth being circular arcs 
whose centers are given by the instru- 
ment. 

The analysis by which these facts are 
demonstrated is essentially that of Prof. 
Willis, and given in his JPHnciples of 
Mechanism^ 2d ed., pp. 132, 136. 
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According to the Willis theory for 
forming each tooth with four circular 
arcs, whose centers are on the line of 
action, if certain centers be removed to 
an infinite distance, the arcs struck from 
such centers will be straight lines, per- 
pendicular to the line of action. This is 
supposed to be done in the present case 
for the flank arcs, and when the line of 
action is suitably inclined, these perpen- 
diculars become radii on the pinion and 
inclined lines on the wheel. 

With these conditions imposed at the 
outset, the analysis becomes extremely 
simple, as follows : In Fig. 9 let A and 
B represent the pitch circles, C the pitch 
point, and E F the line of action. Draw 
A E and B F perpendicular to E F as 
shown. Let OC = angle C A E = C B F, 
A C = R, B = r, and C G = D. Now 
Prof. Willis' diagram, p. 135, becomes 
Fig. 9 when A h and B K are made par- 
allel to line of action as in Fig. 9. I 
will simply explain Fig. 9, referring 
those who wish to study the diagram 
further to Prof. Willis' book. G is a 
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center for describing a tooth face of A, 
and II a center for a face of a tooth of 

iB 




B. The center for. the flank against 
which the face, struck from G, works, 
being on B K at an infinite distance, the 
flank is perpendicular to E F, The 
l)oint serving as the origin for this face 
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and flank may be assumed at any posi- 
tion * on the line E F, but should gener- 
ally be not far from F, and for radial 
flanks for B, must be at F. Similarly 
for E if the flanks for E are to be radial. 
To render the odontograph convenient 
in practical use, and to keep the radii 
of the tooth faces within reasonable 
limits for all cases, such as when the pair 
of wheels are of equal size and also of 
very different sizes, it is found advisable 
to make the flanks of the smaller of the 
pair of wheels or pinion radial in all 
cases ; and for the larger wheel, of euch 
inclination that the same radius for the 
tooth faces of the wheel will be right for 
the pinion. To this end C F is taken, 
arbitrarily equal to one-third of the 
pitch, so that the radius of the faces for 
both wheels is GF = GC-hJ pitch. 
The point G is given by the odontograph 
and it is easy to lay off a third of the* 
pitch C F. Then we will have, C F H 
being always preserved a right angle, 

* This fact is pointed out by Prof. Willis. 
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P 

CF=:~=rsin.(X 

o 

. _ P 2;r 

,'. sin. a:=r- =r— - 
3 r 3 /i 

where m= number of teeth in pinion. 

Again 

CF:CH::R + r:R 

H=D=CF ?^=-^ .? 

R + r R + r 3 

But 

CF:CE::>:R 
and 

CG : CE::r : R + r 

,.CG=CE^=CF^-^=^| 
R4-?' R + rr K4-r3 

or 

CG=CH. 

This shows that it is only necessary to 
set the odontograph once to obtain either 
C G or C H. Taking the distance from 
C to the origin of tooth arcs the same 
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for both wheels gives equal radii for the 
faces of both wheels, and the arcs and 
flanks are easily struck in as shown in 
Fig. 9. To draw all other arcs the cen- 
ters may be found, which lie in circlee 
concentric with the pitch lincH. The 
drawing of the non-radial flanks of ^V 
will require a little attention that they be 
drawn at the proper angle with tlie ra- 
dius, or rather simply pei'pendicular to 
E F at the proper point. 

The quantities OC and ^ are given in 
terms of n and — , respectively, in the 

following table for a number of valueSj 
which will aid in the practical use of the 
instrument, the necessary setting values 
being thus obtained beforehand. When 
the data fall between values in the tal)k% 
interpolations will be necessary, though 
readily made. 

THE INSTRUMENT, AND MODE OP USING IT. 

The modified odontograph is shown 
full size in Fig. 10, with its scales, &c*, 
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ready for use, in delineating teeth of six 
inches pitch. 

Table V. 

FOB THE MODIFIED WILLIS ODONTOORAPH. 



Values of the setting angle OC, «wrf ofp for pod- 

Hon of arc center^ for tooth face for radial 
flanks for pinion and for inclined flanks for the 
wheel. 



Number 

of teeth 

in pinion. 



Setting , Larger ra- 
anjrle for dius divid- 
odonto- ! ed by 
graph, ! smaller, 



Tooth center 
distance di- 
vided by 
pitch, 
^p 
P 





Deg. Min. 






10 


12 05 


1 


.167 


15 


8 02 


1.5 


.200 


20 


6 01 


2 i 


.222 


30 


4 00 


3 


.260 


40 


3 00 


4 


.267 


60 


2 00 


6 


.278 


80 


1 30 


6 1 


.286 


100 


1 12 


7 


.292 


130 


55 


8 


.296 


160 


45 


9 


.300 


200 


36 


10 


.303 


260 


28 


11 


.306 


300 


24 


12 


.308 
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N. B. — The two parts of this talkie are 
entirely independent of each otlievj the 
first giving the setting angle OC, without 
regard to where the line is in second part 

of table giving p. 

In using the instrument the point C 
is to be brought to the pitch point i\ 
Fig. 9. Then the angle oC obtained 
from the table is to be looked out on 
the sectoral scale A B, and that point 
placed upon the radius A C, Fig- 1). The 
instrument is then in position. A line 
should then be drawn along K C and 
produced in the direction of F, pt^rpen- 
dicular to which the flanks are to be 
drawn. Then the distance D, obtained 

by multiplying .p of the last table by P^ 

is to be set off on the scale C E, Fig, J 0, 
which point is the center G, Fig. {\ from 
which to strike the tooth face. Then 
C F, equal J P as explained above, is set 
off on line EF as the origin of a tootli 
face and flank as shown in Fig. 9. We 
then have the length G F for the radius 
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of a face of A, which is also the radius 
for a face of B to be used at the centers H 
and G respectively. The flanks are per 
pendicular to E F and tangent to the 
tooth arcs as shown, and each face works 
with its tangent flank, as shown iu Fig, 9. 
By repeating these faces and flanks the 
teeth become fully drawn, ae in Fig. 13. 
The flanks of the smaller wheel are always 
radial, but those of the larger wheel never, 
except in case both wheels become equal, 
when the flanks of both are radiah 

It will hardly be necessary to follow 
this description with an example. 

ODONTOGRAPH TEETH iJOSa'AKED, 

Fig. 11 is an accurate drawing of a 
part of the teeth of a pair of wheels as 
laid out by the well known Willh 
Odontograph. 

Fig. 12 is likewise a carefully executed 
drawing of a portion of the same pair of 
gears as laid out by the Nmo Odonto- 
graph. 

Fig. 13 shows the form of teeth of the 
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same pair of wheels as laid out by the 
Modified Willis Liatrument. 

The smaller of the wheels has twelve 
teeth, and the larger has 144 teeth. 

These drawings will enable the reader 
to form a very correct opinion as to the 
relative merits of the results of the three 
instruments. This is not difficult to such 
as are familiar with the proper form of 
gear teeth. While this may be true, 
still it remains doubtful which to adopt 
for practical use. Such doubts however 
may be removed on taking a direct com- 
parative view of the respective difficul- 
ties, and conveniences of application of 
the three instruments, which, for the 
purpose of furthering this object is given 
below. 

PUACnCE WITH THB THREE ODONTO- 
GRAPHS COMPARED. 

The well known WlUis Odontography 
in laying out one side of a tooth requires : 
1st, that the pitch be laid off on the 
pitch line ; 2d, that this pitch be bisect- 
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ed to obtain the origin of iiros ; 3dj tbat 
a radius be drawn at one end of the pitch 
and the instrument placed un it ; 4tb, 
a quantity taken from a table by wbit^h 
the center point is found on tfie odoiito- 
graph scale and point noted on drawing ; 
5th, that a radius be drawn at the othor 
end. of the pitch, and the instru- 
ment placed on it ; 6tlij a second 
quantity taken from the tabk- by which 
a second center point is found and noted 
on drawing for a second arc center ; Tth^ 
that a pair of dividers be placed at one 
center, the face or flank struck ; ^^tb, 
that similarly a flank or face be struck 
from the second center ; 9th j and tluaLly 
that caution be exercised to |>oint off 
the right center at the two aetting?* of 
instrument, and also that the j»roper 
part, flank or face, be drawn from the 
centers. 

The New Odontograph in laying out 
the side of a tooth requires : Istj that a 
tangent line be drawn to the pitch circle; 
2d, that the half thickness of tooth be 
laid off from the point of tangenoy \ 3dj 
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a quantity looked out from a table ; 4th, 
that this be multiplied by the pitch by 
which the instrument is properly set on the 
tangent line; 5th, that a scribe be drawn 
along edge of instrument for the face ; 
6th, and lastly, that a radial flank be 
drawn from the intersection of face with 
the pitch line. 

The Modified Willis Odontograph re- 
quires : 1st, that a radius be drawn ; 2d, 
that a setting angle be found from a 
table by which the instrument is set ; 
3d, that a second quantity be taken from 
a table ; 4th, that this quantity be multi- 
plied by the pitch, by which the center 
point for the face is found and noted ; 
5th, that a line be drawn along the edge 
of the odontograph, perpendicular to 
which the flank is afterwards drawn ; 
6th, that the one-third pitch be laid off 
from the end of the radius upon which 
the instrument was set ; 7th, that by aid 
of a pair of dividers the face arc be 
struck ; 8th, and finally, that the flank 
be drawn perpendicular to the line traced 
for the purpose, as above described. 
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COMPARATIVE VIEW OF THE IXSTRCME^TS 
AND TAHr^S. 

As to the tables for the three inatru- 
luents, those for the modified Willif* 
odontograph are the moat compact of 
all, having only four vertical coluiiius 
and fourteen horizontal, or fifty-six 
blocks, including everything, Tlie table 
for the Willis odontography ae published 
in his book,* has nine vertical columns 
and twenty-eight horizontal, or 2bO 
blocks for figures. As printed on the 
card which accompanies the brass instru- 
ment, it has fourteen veitica! colnmnt* 
and thirty horizontal ones, or 420 blockei 
for figures. The tables for the new in- 
strument, that for radial iianks and t*pi- 
cycloidal teeth, has fourteen verticai 
columns and twenty-eix horizontal oiieh, 
or 304 blocks for figures ; or, adding 
those for table for internal gearing, we 
get 353. It is believed also, that table 
I might be reduced by cutting out aliout 
half of the horizontal columns, and still 



* Willis, p. K11. 
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tVie gaps to be filled, in practice, by in- 
terpolation be no greater than in the 
tables for the Willis instrument. This 
would reduce the tables for the new odon- 
tograph, for epicycloidal and rack and 
pinion gearing to 182 blocks for figures. 
Then adding the seventy-three blocks 
for figures in tables 11 and III, we have 
the tables for applying the new instru- 
ment to all ordinary forms of gears oc- 
cupying 255 blocks for figures, a number 
of places much less than is found in the 
tables on the printed card accompanying 
the Willis instrument, and but few more 
than given in the tables published in 
Professor Willis' book. Taking the 
table that accompanies the instrument, as 
the one which it is fair to compare 
with, we find the tables for the new in- 
strument most compact. 

Comparing the instruments themselves 
for compactness, we see, by reference to 
the figures, that the modified Willis in- 
strument is a little ahead, though either 
this, or the new one, may be carried 
under the tuck of a common pocket- 
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book. In this regard, either of the new 
instraments possess a degree oi[ porta- 
bility and ready usef alness, not common 
to an instrument 6X 14 inches, as in the 
older form of odontograph. In fact the 
new and modified instruments might be 
treated as mere " pocket pieces," the ac- 
companying tables being recorded in a 
note-book. This matter of compactness 
of tables and instruments is, however, 
only of secondary importance when 
eourUerposed with desirable results and 
facility of obtaining them. 

These comparisons indicate that the 
modified Willis odontograph has advan- 
tages in the minor points of compactness 
of instrument and tables. But in the 
more essential qualities of simplicity of 
application, the new instrument, as above 
pointed out, appears to be superior in 
the ratio of six to eight or nine ; and of 
form of tooth, superior in the almost ma- 
thematical correctness of the curves for 
faces, and in having radial flanks, as in- 
dicated by Figs. 1, 2, 11, 12, and 13. 
Designers of gearing, familiar with 
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properly formed gear teeth, however 
much they may admire the short-cats 
secured by odontographs, will undoubt- 
edly deprecate the angularity of junction 
of flanks and faces found in the Willis 
tooth, and the rude approximation to 
correct tooth curves inseparable from the 
circle arc. The excessively thick base 
of tooth found in Fig. 1, 11, and 13 are 
undesirable features. 

Fig. 12, as compared with Figs. 11 
and 13, shows superiority in form of 
tooth, which, by those who advocate the 
common form of radial flanks at least, 
cannot be questioned. This superiority 
of form of tooth, added to the compact- 
ness of instrument and especially to the 
important advantage possessed by it of 
great facility of application, will, it is 
believed, merit for the new odontograph 
decided preferences. 
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of the Decimal System, with Tables of Conversion 
for Commerdal and Sdentific Uses. By B. F. Craig, 
M.D. I vol. square 32mo, limp doth 5° 

NUGENT. Treatise on Optics; or, Light and Sight, 
theoretically and practically treated : with the appli- 
cation to Fme Art and Industrial Pursuits. By E. 
Nugent ■ With one hundred and three illustrations, 
xamo, doth ^ 5^ 

FREE HAND DRAWING. A Gtiide to Omaroent< 
al Figure and Landscape Drawing. By an Art Stu- 
dent. i8mo, boards 5** 
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HOWARD. Earthwork Mensuration on the Basis ot 
the Prismoidal Formulae. Containing simple and la- 
bor-saving method of obtaining Prismoidal contents 
directly from End Areas. Illustrated by Examples, 
and accompanied by Plain Rules for Practical Uses. 
By Conwav R. Howard, C. E., Richmond, Va. Il- 
lustrated, 8vo, cloth X 5« 

GRUNER. The Manufacture of Steel By M. T.. 
Gruner. Translated from the French, by Lenox 
Smith, with an appendix on the Bessamer process in 
the United States, by the translator. Illustrated by 
Lithographed drawings and wood cats. Svo, doth.. 359 

AUCHINCLOSS. Link and Valve Motions Simplified. 
Illustrated with 37 wood-cuts, and 21 lithographic 
plates, together with a Travel Scale, and numerous 
useful Tables. By W. S. Auchincloss. 8vo, cloth.. ^00 

VAN BUREN. Investigations of Formulas, for the 
strength of the Iron parts of Steam Machinery. Bv 
J. D. Van Buren, Jr., C. E. Illustrated, 8vo, cloth'. 2 00 

JOYNSON. Designing and Construction of Macliine 

Gearing. Illustrated, 8vo, cloth 3 eo 

GILLMORE. Coignet Beton and other Artificial Stone. 
By Q. A. Gillmore, Major U. S. Corps Engineers. 
9 plates, views, &c. 8vo, cloth 350 

8AELTZ ER. Treattse on Acoustics In connection with 
Ventilation. By Alexander Saeltzer, Architect, 
xamo, cloth 2 00 

BUTLER (W. F.) Ventilation of BuUdings. By W. F. 

Butler. With illustrations. xSmo^ boards 50 

DICTIONARY of Manufactures, Mining, Machinery, 
and the Industrial Arts. By George Dodd. i2mo, 
cloth I 50 

BOW. A Treatise on Bracing, with its application to 
Bridges and other Structures of Wood or Iron. By 
Rober) Henry Bow, C. E. 156 illustrations, 8vo, 
cloth I 50 



BARBA (J.) The Use of Steel for Constructive Pur- 
poses; Method of Working, Applying, and Testing 
Flates and Brass. With a Preface by A. L. Holley, 



G. £. i2mo, cloth i 50 
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GILLMORE (Gen. Q. A.) Treiitise on Limes, Hy- 
dn ulic Cements, and Mortars. Papers on Practical 
Engineering, U. S. Engineer Department, No. 9, 
containing Reports of numerous Experiments con- 
ducted in New York City, during the years 1858 tP 
1861, inclusive. By Q. A. Gillmore, Bvt. Mai -Gen., 
U. S. A., Major, Corps of Engineers. With num- 
erous illustrations, i vol, 8vo, cloth $4 00 

HARRISON. The Mechanic's Tool Book, with Prac- 
tical Rules and Sucgestions for Use of Machinists, 
Iron Workers, and others. By W. B. Harrison, 
associate editor of the "American Artisan." Illus- 
trated with 44 engravings, xamo, cloth 150 

HEN R I CI ( Glaus). Skeleton Structures, especially in 
their application to the Building of Steel and Iron 
Bridges. By Glaus Henrici. With folding plates 
and diagrams, i vol. 8vo, doth i 50 

HEWSON ( Wm.) Principles and Practice of Embank 
ing Lands from River Floods, as applied to the Le- 
vees of the Mississippi. By William Hewson, Civil 
Engineer. 1 vol. 8vo, cloth 2 00 

HOLLEY (A. L.) Railway Practice. American and 
European Railway Practice, in the economical Gen- 
eration of Steam, including the Materials and Con- 
struction of Coal-burning Boilers, Combustion, the 
Variable Blast, Vaporization, Circulation, Superheat- 
ing, Supplying and Heating Feed-water, etc., and 
the Adaptation of Wood and Coke-burning Engines 
to Coal-burning ; and in Permanent Way, including 
Road-bed, Sleepers, Rails, Joint-fostenings, Street 
Railways, etc., etc. By Alexander L. HolTey, B. P. 
With 77 lithographed plates, i vol. folio, cloth. ... 12 00 

KING (W. H.) Lessons and Practical Notes on Steam, 
the Steam Engine, Propellers, etc., etc., for Young 
Marine Engineers, Students, and others. By the 
late W. H. King, U. S. Navy. Revised by Chief 
Engineer J. W. King, U S. Navy. Nineteenth edi- 
tion, enlarged. 8vo, cloth 3 00 

MINIFIE(Wm.) Mechanical Drawing A Text-Book 
of Geometrical. Drawing for the use of Mechanics ' 

4 



t. VAN N06TBAND*S PUBLICATIONS. 

ADCi Schools, in which the Definitions and Rules ol 
Geometry are familiarly explained; the Practical 
Problems are arran|;ed, from the most simple to the 
more complex, and m their description technicalities 
are avoided as much as possible. With illustrations 
for Drawing Plans, Sections , and Elevations of Build- 
ings and Machinery ; ah Introduction to Isometrical 
Drawing, and an Essay on Linear Perspective and 
Shadows. Illustrated with over 200 diagrams en- 
graved on steel. By ^m. Minifie, Architect. Ninth 
edition. With an Appendix on the Theory and Ap- 
plication of C olors. I voL 8vo, cloth $4 00 

"It is the best work on Drawing that we have ever neen, and is 
especially a text-book of Qeometrical Drawiae tor the use of Mecbanics 
and Schools. No young Mechanic, such «8 a Machinists, Engineer, Cabi- 
net-maker, Millwright, or Carpenter, should be without it."— Sbienf<^ 
American. 

■ Geometrical Drawing. Abridged from the octavo 

edition, for the use of Schools. Illustrated with 4S 
steel plates. Fifth edition, i vol. i2mo, doth.... a oc 

STILLMAN (Paul.) Steam Engine Indicator, and the 
Improved Manometer Steam and Vacuum Gauges— 
their Utility and Application. By Paul Stillman. 
New edition, i vol. i2mo, flexible cloth i oc 

SWEET (S.H.) Special Report on Coal ; showing its 
Distribution, Qassification, and cost delivered over 
different routes to various points in the State of New 
York, and the principal cities on the Atlantic Coast. 
By S. H. Sweet With maps, i vol. 8vo, cloth 3 00 

WALKER (W. H.) Screw Propulsion. Notes on 
Screw Propulsion : its Rise and History. By Capt. 
W. H. Walker, U, S. Navy, i vol. 8vo, cloth 75 

WARD (J. H.) Steam for the Million. A popular 
Treatise on Steam and its Application to the Useful 
Arts, especially to Navigation. By J. H. Ward, 
Commander U. S. Navy. New and revised edition. 
I vol. 8vo, cloth I 00 

WIESBACH (Julius). A Manual of Theoretical Me- 
chanics. By Julius Weisbach, Ph. D. Translated 
from the fourth augmented and improved German 
edition, with an Introduaion to the Calculus, by Eck- 
ley B. Goxe, A. M., Mining Engineer. 1,100 pages, 
and 903 wood-cut illustrations. 8vo, cloth 10 00 
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01 ED III CH. The Theory of Strains, a Compendium 
fur the calculntion and construction of liridges, Koofe, 
and Cranes, with tlie application of Trigonometrical 
Notes, contAiiiing the most comprehensive informa- 
tion in regard to the Resulting strains for a pei man- 
eat Load, as also for a combined (Permanent and 
Rolling) load In two sections, adad ted to the re- 
quirements of thfi present time. By John D'edrich, 
0. £. J ilustrated by numerous plates and diagrams. 
Svo, cloth ....• ...#••• • 5 oo 

WILLIAMSON (R. S.) On the use of the Barometeron 
8ur\'eys and Keconnoissances. Part I. Meteorolog)' 
in its Connection with Hypsometry. Part II. Baro- 
metric Hypsonietry. By R. S. Wiliamson, Bvt 
Lieiit.-Col, U. S. A., Major Coi-ps of Engineers. 
With Illustrative lables and Engravings. Paper 
No. 15, Prolessional Papers, Corps of Engineers. 
I vol. 4to, cloth 15 oc 

POOK (S. M.) Method of Comparing the Lines and 
Draughting Vessels Proi^elled by Sail or Steam. 
Including a chapter on Laying off on the Mould- 
Loft Floor. By Samuel M. Pook, Naval Construc- 
tor. I vol. Svo, with illustrations, cloth 5 00 

.VLEXANDER (J. H.) Universal Dictionary of 
Weights and Measures, Ancient and Modem, re- 
duced to the standards of the United States of Ame- 
rica. By J. H. Alexander. New edition, enlarged. 
I vol. Svo, cloth 3 50 

WANKLYN. A Practical Treatise on the Examination 
of Milk, and its Derivatives, Cream, Butter and 
Cheese. By J. Alfred Wanklyn, M. R. C. S., lamo. 
cloth ••• I 00 

1' C HARDS' INDICATOR. A Treatise on the Rich 
irds Steam Engine Indicator, with an Appendix by 
^' W. Bacon, M. E. i8mo, flexible, cloth t 00 

PORTF.R (0. T ) A Treatise on the Richards Steam 
Engine Indicator, and the Development and Applica- 
tion of Force in the Steam Engine. By Charles T. 
Porter. Third edition, revised and enlarged. Svo, 

illustrated, cloth 3 5© 
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POI'E- Modem Pmctice of Itie EJeciric TeleerApli. A 
Hand Bodk for EJectri clans and Dp«rator!^r ByFr^nk 
L» Pftpc Nini]] edaiion, revised aod enlariiud} and 
fiiiJy illustrated, *va, doth ,. ...*...,, - $3 w 

'Tliori! ia no ftUi^r m^rlf *r iliia Wcurt in ttttl^apllah l4i>j;iii|ge tt>p(( n^m 
tuiitfia M ftin4|] n lynipiMt HO Tnucli t>iv:tJc«l lafEirtntllc^y tii tUt npj.Ji- 
i-jitlwn of ^lT»u1o elDClricitj^ tn l«lft£ni|;)|i } . It ilK^qld tw lb tbc kimctinf 
cniTOQe 1^tt^e«i»ll in lelQ^raphy, arttH hh of BAtiertLA for ctthDr pur- 

EASSIE (P. R) Wood and ha Uses. A Hand Book 
for the use f>f ComraciorSs Builders, Arcliitects, En 
ffineers, and Timber Merchatits- By V. B. Eassie^ 
Upwards of J50 iUustraticms. 3vo, cJolli i ^o 

SABINE. HJHtciryand rrogre&a of the I'^iectrlc Tele- 
graph, with descKpticins of some of tlie apparatus. 
By Robert Sabine, C E Second edition, with ad- 
ditions, iiihOt cloth. +H . ^« ^ ..,,,,«., ( 3f 

BLAKE- Ceramic Art A Keport on Foltcryr Porce- 
lain, Tiles, 1 erra Cotta and Brick- By W. k Klake 
U. & Commissioner^ Vienna Exhibition, iS?^, Svo, 

cloth* ,-.i^«. -.- .».*,... 3 DO 

H ENET. Eleciro-BaLhstic Mjuchioes, and the Schuitu 
Chronoflcope. By Lieut, -Col. S. V- Beneu Captain 
of Ordnance^ U S. Armyn Illustrated, second edi- 
tion) 4LDt cloth - ^ .... H ... - - ' - 3 w 

MiCHAELIfi. The Le Hoiilenge Chronograph, with 
three Lithojc^apb folding plates of illustrations. By 
Brevet Captain O- iL irfichaelis. First Lieutenant 
Ordnance: CoipSs U. S. Armyj 4to, cloth ^ oq 

ENGINEERING FACTS AND FIGURES An 
annual R«^3ter of froeress in Mechanical Engineer- 
ing and Construction, for the years 1863, 64, 65, 66, 
a?t &S. Funyitlu-ttratedt 6 V0I&. iSmOr clothe ii-so 
per voL, each volume sold separately. . * 

HAMILTON'* Useful InformaEion fbr Railway Men. 
Conipilcd bj,' W. G- Hamilton, Engineer.. Sixth edi- 
tion, revised and enlarged, s^' pages Pocket form. 
MoTDCcu, gilt .i . , - , , 3 act 

STUART <B.) How to Becomes Snccesaful Engineer, 
l^eiiig Hints to Youths intending to adopt the Prfr- 
fesskon , Sixth oditiou. 1 3 mor boards . s^ 
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STUART. The Civil aod Military Engineers of Amer 
ioL By Gen. C B. Stuart with 9 finely executwu 
portraits of eminent engineers, and illustrated by 
engraving of some of tjie most important works con- 
structed in America. 8vo, doth. $500 

STONEY. The Theory of Strains in Girders and simi- 
lar structures, with observations on the application of 
Theory to Practice, and Tables of Strength and other 
nroperties of Materials. By Bindon B. Stoney, B. A. 
New and revised edition, enlarged, with numerous 
engraving on wood, by Oldham. Royal 8vo, 664 
pages. Complete in one volume. 8vo, cloth la 50 

SHREVE. A Treatise on the Strength of Bridges and 
Roofii. Comprising the determination of Algebraic 
formulas for strains in Horizontal, Inclined or Rafter, 
Triangular, Bowstring, Lenticular and other Trusses, 
from fixed and .aoving loads, with practical applica- 
tions and examples, for the use of Students and Engi- 
neers- By Samuel H. Shreve, A. M., Civil Engineer. 
87 wood-cut illustrations, ad edition. 8vo, cloth. . . 5 00 

UERRILL. Iron Truss Bridges for Railroads. The 
method of calculating strains in Trusses, with a care- 
ful comparison of the most prominent Trusses, in 
reference to economy in combination, etc, etc By 
Brevet Col. William E. Merrill, V S. A., Major 
Corps of Engineers, with nine lithographed plates of 
Illustrations. 4tO| cloth 5 00 

WHIPPLE. An Elementary and Practical Treatise on 
Bridge Building. An enlarged and improved edition 
of the author's original work. By S. Whipple, C E- , 
inventor of the Whipple Bridges, &c Illustrated 
8vo, doth 4 00 

THE KANSAS CITY BRIDGE. With an account 
of the Regimen of the Missomji River, and a descrip- 
tion of the methods used for Founding in that Kiver. 
ByO Chanute, Chief Engineer, and George Morri- 
scm, Assistant Engineer. Illustrated with five litho 
graphic views and twelve plates of plans. 4tOf cloth, 6 00 

DUBOIS (A. J.) The New Method of Graphical Statics. 
By A. J Dubois, C. E., Ph. D. With 60 illustra- 
'^ tions. 8vo, cloth 2 00 
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MAC CORDl a Practical TreatiH: dd the Slide Valve 
bv Kccentrics, ejuiniLninK by meihpda the acti>oi,] of the 



rcentnc upvn tiie S\\d& Vaive, and explain lug the 
adapting t 



Practical processes of laying out the mo^renieDEs, 
J the Viilve for its vaniims duticB in ihe sUmih 



CD^iriCr For the use of Kneineers, DraughLsmc:!!, 
Machinists a^d Studenls of V^lve Motions in gent 
ra. Byi; W. Mac < ord. A M, Prnfesscr of Me- 
chanicaL Drawing, Steirena* Institute of Technology, 
Hoboketii N J. I Unstrated by S full pA£e copper- 
plates. 4to, cloth,. ♦*.,..,...,.., ****.,. tj ™ 

KIRKV^^OOD. Report oa the Filtration of River 
Waters, for ihe supply of cities^ as pradi&ed m 
Karope> made to the Ooard of Waier ComjuJEsionerB 
of the City of St. Louis. By James F Kirkwood, 
Illustrated by 3a double pbte engravings. 410^ cloth, j$ aa 

PLATTNER, Manual of Qualitalivtj and Quantitative 
Analysis with ihe Blow I ipe- From the last GtfrtiJ^n 
edition, revised ai>d en bribed. By Prof^ Th- Kichter. 
of the Rijyal i^xon Mining Acadeniy. Translatei^ 
by Prof H. B ^^umwall. Assistant in the Cot urn bid 
School of Minesj New York assisited by John H 
Caswell. Illustrated with 87 wood cuts, and one 
lithographic plate. Third edition, revi&ed, 560 pai-*P5, 
Bvo. cloih* ,.,..,».,,*.., . . 7 s» 

PLYMP'l'ON". The Blow Pipe. A Guide to its Use 
in the Ue termination of Salts and Minerals. Com- 
piled from varioiiSftourcesT by George W. Flymiilon, 
C E. A- M., Professor of Physical Science in the 
Polytechnic Institute* Brooklyn, New York* 1 'ni.i, 
cloth ...» * * * . » H . - , ...*,»........ I ;a 

FYNCHON. Introduction to Chemical PhysifS, desir- 
ed fof the tiF5e of Academies, Colleges atid HiRb 
Schc^ola. Illustrated with numerouA en^ravin^.and 
contaimnj^ copious ex}>ftriments with direction-^ for 
preparing them- By Thurnas Riip;;!^^ rynthon^ 
31 A,* Professor of Chemistry and the Natural Sci- 
ence4- Triiiiiy rdllcffe, Han ford New edition, re- 
vised and e nlirged and i I E ustrated by 369 iU ustratin ha 

on wood. Crown, Sva dotk.--.,. ,.... 300 
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BLl )T AND STORER. A oompeodkMis Manaalol 
\»ualitadTe <^emical Analysis. By Charles W. 
••Jiot and Frank H. Storer. Revised with the Co- 
operation of the authors. By William R. Nichols, 
frofemor of Chemistry in the Maasachasetts Insti- 
' ute of Technology Illustrated, iamo» doth. $i 50 

R A v| M £ LS B ERG. Gnide to a coarse of Quantitative 
Chemical Analysis, especially of Minerals amd Fur- 
nace Products. lUttStrated by Rzamples By C F. 
Ramnrslsberi. Translated by J. Towler, M. D. 
8vo,doth 2 as 

DOUGLASS and PRESCOTT. Qualiutive Chemical 
Analysis. A Guide in the Practical Study of Chem- 
iKtry, and in the Work of Analysis. By S. H. I><hi^- 
lass and A. B I'rescott, of the University of Michi- 
gan. New edition. 8vo. In prM». 

JACOB. On the Designing and Construction of Storage 
Ueservoirs, with Tables and Wood Cuu representing 
>ections, &c , 1 81110, boards 50 

U'A rr'S Dictionary of Chemistry^ New and Revised 
edition complete in 6 vols 8vo doth, $6a.oa Sup- 
plementary volume sold separately. Price, doth. . . 9 00 

RANDALL. QuarU Operators Hand-Book. By P. M. 
RandalL New edition, revised and enlarged, fully 
illustrated. lamo, doth a oe 

SILVERSMITH. A Practical Hand-Book for Miners, 
Metallurgists, and Assayers, comprising the most re- 
cent improvements in the disintegration amalgama- 
tion, smelting, and parting of the i recious ores, with 
a comprehensive Digest of the Mining Laws. Greatly 
au^ented, revised and corrected. By Julius Silver- 
smith. Fourth edition. Profusely illustrated lamo^ 
doth 300 

THE USEFUL METALS AND THEIR ALLOYS, 
induditig Mining Ventilation, Mining Jurisprudence, 
and Metallurgic Chemistry employra in the conver- 
sion of Iron, Copper, Tin, Zinc, Antimony and Lead 
ores, with their applications to the Industrial Arts. 
By Scoffi^n, Truan, Clay, Ozland, Fairbaim, and 

•then. Fifth edition, half calf. 3 9« 
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JOYNSON. The Metals used in construction, lion, 
Steel, Bessemer Metal, etc., etc. By F. H. Joynson* 
Illustrated, 12010, cloth $0 75 

VON COT TA. 'Ireatise on Ore Deposits. By Bern- 
hard Von Cotta, Professor of Geology in the Koyal 
School of Mines, Freidberg, Saxony. Translated 
from the second German edition, by Frederick 
Prime, Jr., Mining Engineer^ and revised by the au- 
thor, with numerous illustrations. 8vo, cloth 4 00 

GREEN £. Graphical Method for the Analysis of Bridge 
Trusses, extended to continuous Girders and Draw 
Spans. By C. K. Greene, A. M., Prof, of Civil Engi- 
neering, University of Michigan. Illustrated by 3 
folding plates, 8vo, cloth a 00 

BELL. Chemical Phenomena of Iron Smelting. An 
experimental and practical examination of the cir- 
cumstances which determine the capacity of the Blast 
Furnace, The Temperature of the air, and the 
proper condition of the Materials to be operated 
upon. By L. Lowthian Bell. 8vo, cloth 600 

ROGERS. The Geology of Pennsylvania. A Govern- 
ment survey, with a general view of the Geology of 
the United States, Essays on the Coal Formation and 
its Fossils, aitd a description of the Coal Fields of 
North America and Great Britain. By Henry Dar- 
win Rogers, late State Geologist of Pennsvivania, 
Splendidly illustrated with Plates and lingravings in 
the text. 3 vols., 410, cloth with Portfolio of Blaps. 30 oo 

BURGH. Modern Marine Engineering, applied to 
Paddb and Screw Propulsion Consisting of 36 
colored plates, 259 Practical Wood Cut Illustrations, 
and 403 pages oi descriptive matter, the whole being 
an exposition of the present practice of James 
Watt & Co., J & G Rennie, R. Napier & Sons, 
and other celebrated firms, by N. P. Burgh, Engi- 
neer, thick 4to, vol., doth, $25-00; half mor. 30 00 

C HURCH. Notes of a Metallurgical Journey in Europe. 

By J. A. Church, Engineer of Mines, Svo, cloth a 00 
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60C7RNK. Treatise on tbe Steam Engine in its variom 
applications to Mines, Mills, Steam Navigation, 
Railways, and Agriculture, with the theoretical in- 
vestiaitious respecting the Motive Power of Heat, 
and the proper proportions of steam engines. Elabo- 
rate tables of the right dimensions of every part, and 
Practical Instructions for the manuiactur* and man- 
agement of every species of Engine in actual use. 
By John Bourne, being the ninth edition of **A 
Treatise on the Steam Engine," bv the ** Artizan 
Club." Illustrated by 38 plates and 546 wood cuts. 
4to, cloth $15 ix 

STUART. The Naval Dry Docks of the United 
Slates By Charles B. Stuart late Engineer-in-Chief 
of the U. S. Navy. Illustrated with 24 engravings 
on steel. Fourth edition, cloth 60c 

ATKINSON. Practical Treatises on the Gams met 

with in Coal Mines. iSmo* boards 50 

FOSTER. Submarine Blasting in Boston Harbor, 
Massachusetts. Removal of Tower and Corwin 
Rocks, by J. G. Foster, Lieut -CoL of Engineers, 
U. S. Army. Illustrated with seven plates, 4to, 
cloth 3 5c 

BARNES Submarine Wariare, offensive and defensive, 
including a discussion of the offensive Torpedo Sys- 
tem, its effects upon iron Clad Ship Systems and m- 
fluence upon future naval wars. By Lieut -Com- 
mander J. S. Barnes, U. S. N., with twenty litno- 
graphic plates and many wood cuts. 8vo, cloth.. ... 5 ex. 

HOLLE V. A Treatise on Ordnance and Armor, em- 
bracing descriptions, discussions, and t>rofessional 
opinions concerning the materials, fabrication, re- 
quirements, capabilities, and endurance ot European 
and American Guns, for Naval, Sea Coast, and Iron 
Clad Warfare, and their Rifling, Projectiles, and 
Breech- Loading; also, results of experiments against 
armor, from official records, with an appendix refer- 
ring to Gun Cotton, Hooped Guns, etc, etc By 
Alexander L. HoUey, B. P., 948 pages, 403 engrav^ 
iiig8,and 747 Tables of Results, etc, 8vo, half roan. 10 00 
12 
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SIMMS. A Treatise on the Principles and Practice of 
Levelling, showing its application to purposes of 
Railway Engineering and the Construction of Roads, 
&C. By Frederick W. Sirams, C. E. From the 5th 
London edition, revised and corrected, with the addi- 
tion of Mr. Law8*s Practical Examples for setting 
out Railway Curves. Illustrated with three Litho- 
graphic plates and numerous wood cuts. 8vo, cloth. $a 50 

BURT. Key to the Solar Compass, and Surveyor's 
Companion ; comprising all the rules necessary for 
use in the field ; also description of the Linear Sur- 
veys and Public Land System of the United States, 
Notes on the Karometer. suggestions for an outfit for 
a survey of four months, etc By W. A. Hurt, U. & 
Deputy Surveyor. Second edition. Pocket book 
form, tuck a 50 

THE PLANE TABLE. Its uses in Topographical 
Surveying, from the Papers of the U. fc*. Coast Sur- 
vey. Illustrated, 8vo, cloth 2*0 

" Tbls worK gives a description of the Plane Table, employed at (b« 

U. 8. Coast iitanrey ofBoe, and the manner of using it." 

JEFFER'S. Nautical Surveying. By W. N. JeflFers, 
Captain U. S. Navy. Illustrated with 9 copperplates 
and 3t wood cut illustrations. 8vo, cloth. 5 00 

CH AUV ENET. New method of correcting Lunar Dis- 
tances, and improved method of Finding the error 
and rate of a chronometer, bv equal altitudes^ By 
W. Chauvenet, LL D. 8vo, cloth 200 

BRUNNOW. Spherical Astronomy. By F. Brunnow, 
Hh. Dr. Translated by the author from the second 
German edition. 8vo, cloth 650 

PEIRCE. System of Analytic Mechanics. By Ben- 
jamin Peirce. 4to, cloth 10 00 

COFFIN. Navigation and Nautical Astronomy. Pre- 

Fared for the use of the U. S. Naval Academy. By 
roC J. H. 0. Coffin. Fifth edition. 52 wood cut illus- 

tratkms. xamo, cloth 3 50 

NOBLE (W.H.) UsefulTables. Compiled by W H. 
Noble, M. A., Captain F^yal Artillery. Pocket 
form, cloth 50 
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CLARK. Theoretical Navigation and Nautical Astron- 
omy. By Lieut Uwis Clark, U. S. N. Illustrated 
with 41 wood cuts. 8vo, doth $3 eo 

HASKIN& The Galvanometer and its Uses. A Man- 
ual for Electricians and Students. By C- H. Has- 
kins. I imo, pocket form, morocca 3 oo 

MORRIS (E.) Rasy Rules for the Measurement of 
Earthworks, by Means of the Phsmoidal Formula. 
By Ellwood Morris, C. H. 78 illustrations. Svo, 
cloth I 50 

BECKWn H. Observations on the Materials and 
Manufacture of Terra-Cotta, Stone Ware, Fire Kridc, 
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